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Abstract

In this paper we study the Monte Carlo Al-
gorithm using two different sampling methods,
namely, Direct sampling and Markov chain sam-
pling.
Metropolis algorithm is used.

In the Markov chain sampling method,
The paper explains the Monte Carlo
algorithm and the different sampling approaches
in a simplified manner. In connection with this
we explore the theory of evaluation of integrals
and Hamiltonians. To further clarify the tools,
a problem of Boson Gas under a harmonic
potential trap is chosen and solved using the
Monte Carlo Method. The results obtained
using different approaches are compared and
The aim of

this exercise is to efficiently deliver the concept

presented in the form of plots.

of Monte Carlo method to the graduate and
post-graduate physics students and aid in

enhancing their computational skills.

1 Introduction and Background

Today, computational methods are an inte-
gral part of problem solving in the varied
tields of Theoretical Physics Research. One
such powerful computational method is the
Monte Carlo Algorithm method. The scope
of Monte Carlo method [1] is humongous
and a complete presentation of the same in
a paper like this cannot be justified. Never-
theless, we have attempted to present a sim-
plified usage of the method for students to
understand how to implement it and equip
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them to develop it further to solve more
complicated problems of contemporary re-
search.

At its core, the Monte Carlo method is a

statistical approach to computing integrals.
It is a numerical technique that uses ran-
dom numbers and statistical probability to
solve problems where there is absence of an-
alytic solutions due to a large number of en-
tities being present (like the system of real
gases) or there exist very complex interac-
tions amongst them. This method of ran-
dom sampling generally provides reliable
approximate solutions. When we look back
in history, the first article "The Monte Carlo
Method’ by Metropolis and Ulam was pub-
lished in 1949. It is named after the city of
Monte Carlo in Monaco, which is famous for
all kinds of gambling.
Markov chain Monte Carlo and Metropo-
lis Algorithm[1]: In the year 1906, Andrey
Markov first introduced the Markov chain
as a stochastic process( containing random
variables whose transition depends upon
certain assumptions). The main idea behind
the Markov chain is that the next step of the
random variable depends upon the current state
only, that is, it's a memory-less process where
future action depends on the current action.
For general stochastic simulation techniques
known as Markov Chain Monte Carlo, the
Metropolis [2] is one of the many algorithms
for constructing chains.

In Section A, we have introduced
the concepts of different samplings to the
reader. After that we have explained the use

of these sampling methods in computation
of integrals.

In section B, we have chosen a phys-
ical problem of Boson gas under a 1-
Dimensional Harmonic Potential and have
used the concept of Monte Carlo sampling
both by Direct method and Markov Chain
to estimate the energy eigenvalue for the
ground state. The computed energy values
are then compared with the exact value ob-
tained by analytical methods.

2 Section A

2.1 What is Sampling?

Sampling is a process where the set of enti-
ties is collected from a larger set. Each en-
tity has an equal probability of being picked
randomly. Next, we need to understand
the two fundamentally different sampling
approaches: Direct Sampling and Markov
Chain Sampling.

2.2 Direct Sampling:

To understand direct sampling [3] we take
up the problem of estimating the value of
the constant 7.

2.2.1 Motivation and Simple Example:
Estimating 7©

Suppose we have a square dartboard and
a novice is made to randomly throw darts
across the board. After a large number of
hits, we inscribe a circle inside the dartboard
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as shown in Fig. (1) and calculate the ratio
between the number of hits inside the circle
to that inside the square.

Figure 1: Darts Game for 7t estimation
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Figure 2: Darts Game Simulation

Using a probabilistic approach, the
given ratio can be used to estimate the value
of 7t as follows:

We can simulate the dart game using a ran-
dom number generator code on our com-
puter and get the value of pi. Fig. (2) shows
the random points in one such simulation.
Similarly, the value of other constants [4] can
be estimated.

As depicted in Fig.(3), when we have
fewer numbers of points, our estimates
vary much more wildly and are much
deviated from 3.1415926.

guesses from our different runs are all seen

However, the

to be equally distributed around the correct
value, thereby, minimising the chances of
any systematic error in our estimate.

In the given simulation, the points re-
quired are randomly generated within a
defined region. This approach is the Monte
Carlo Direct Sampling method, wherein, ran-
dom values are generated without any history
of the last value/values. New values are
generated independently and are accepted

within an allowed area/region.

Monte Carlo Estimation of Pi
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2.3 Markov chain Monte Carlo and
Metropolis Algorithm:

Markov Chain Monte Carlo is a sampling
method in which the generation of a new ran-
dom number is governed by a previously gener-
ated random value. The parameters responsi-
ble for the new value are randomly gener-
ated, which are then added to or subtracted
from the last value. This sampling method
can also be understood by reconsidering the
example of estimating the value of 7t by the
dart game with a twist.

Imagine the dart board to be a very big
playground and a person standing on it is
throwing darts as javelin in random direc-
tions as depicted in Fig.(4) through Fig.(8).
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Figure 4: Dart Game with a twist

He first stands at a randomly chosen
position on the playground and throws a
javelin in a completely random direction.
Next, he walks to the location where the
javelin fell and throws another javelin in a
completely random direction from this new
position.If the javelin falls out of the region
boundary, he continues to stand on the cur-
rent position and throws a javelin again in

completely random direction.

Figure 5: Throw the javelin and occupy the
new position for the next throw
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Figure 6: If the javelin is outside the ground,
re-throw the javelin from the same position.
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Figure 7: If the javelin is inside the ground,
occupy the new position for the next throw.

Figure 8: Sampling of the board/ground is
shown as red dots
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Using the described method, we sam-
ple the entire board /ground by generating a
random walk [1] of points (x1, x2, ....x,) and
hence estimate the value of 7.

The Markov Chain sample asymptot-
ically converges to the desired probability
distribution, say 7t(x), whereas, in direct
sampling there is a direct access to 7(x).
Consider the case of a random walker whose
position is x;, where i is the step of the
Markov Chain Sampling. Let A be the ran-
domly chosen difference between x; & x;1.
The acceptance of A to generate x; is de-
termined by the value of a parameter w, de-

fined as
w— 7(Xiy1) )
7(x;)
If w > 1, we accept the change and let
Xir1 = X; + A, otherwise, x; 1 = x; and the

above process is repeated.

2.3.1 Evaluation of Integrals:

The Monte Carlo method can also be used
to compute integrals as explained below [5].
Let the integral to be computed be:

/O " h(x)dx @3)

A large number of sample points say,
X1, X2, X3..., X5 are chosen randomly from a
uniform distribution in the range (0,1). The
function h(x) is computed at these points to
yield a set of values h(x1), h(xz)...h(xy). The
mean (h(x)) of these values is the computed
integral value.

This method works since uniform ran-

dom variables have a special property that

their integral is unity over the uniform range
of bound i.e. (0,1).

1
| fldx=1 @)

Now, for any function h(x) if f(x) is the uni-
form distribution, then using equation (4)
we get,

(h(x)) :/Olh(x)f(x)dx:/olh(x)dx (5)

=—Zh% (6)

where, N represents the sample size.

Y
L\Lx)

/ﬂ//.

Figure 9: An example of function h(x).

Hence, we are able to compute definite
integral by finding a sample mean.

2.3.2 Generalization of Evaluation of
Integral for Arbitrary PDF

The formula given in equation (6) works

only if the PDF (Probability Distribution

function) of the random variable X is uni-

form. We can extend Monte Carlo inte-

gration to random variables with arbitrary

PDFs. The more generic formula is given by
1 N-1

Z Pdf @
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The generalized expression in equation (7)
can be used to solve Quantum Mechanical
systems. Before diving into the actual prob-
lem solving, we need to understand the con-
cept of Quantum Monte Carlo.

3 Quantum Monte Carlo

Most quantum mechanical problems of in-
terest consist of a large number of interact-
ing electrons and ions or nucleons. The total
number of particles (N) is usually large and
an exact solution cannot be found easily. In

quantum mechanics, we can express the ex-

B [ dridry..dryY*(r1, 12, .., tN)O(11, 72, o IN) Y (P11, 72, s TN)

pectation value of a given operator (O) for a
system of N particles by equation (8), where
Y is the wave function describing a many-
body system.

For a multidimensional integral as in
equation (8), the Monte Carlo methods are
ideal for obtaining expectation values of
quantum mechanical operators [6]. Now,
our problem is that we do not know the
exact wave function ¥. So, we would in-
voke the concept of quantum mechanical
Variational Principle in to generate a trial
wave function and then attempt to perform
a variational calculation of the various ob-

servables, using Monte Carlo methods.

(0) =

3.1 Variational Method in Quantum
Mechanics:

8
f d?‘ld?‘z...di’N‘P* (1’1, o, ...rN)‘F(rl, Yo, ..., T’N) ( )
where rq, 7, ..ry are the generalized coordinates of ¥
{
Hamiltonian is given by:
w1 o5,

According to the Variational Method, given
any normalized function ¥ (that satisfies the
appropriate boundary conditions), the ex-
pectation value of the Hamiltonian repre-
sents an upper bound to the exact ground
state energy.[7]

E, < (H), 9)

where, E, is the ground state energy.

For a brief illustration of the method,
let us find the ground state energy of
one-dimensional harmonic oscillator, whose

where, w, m are the angular frequency and
mass of the oscillator respectively. As a trial
wave function, we pick a function that sat-
isfies the boundary condition of the exact
ground state wave function. The boundary
condition is that the wave function vanishes
at positive and negative infinities. Hence,

we choose the trial wave function as,
¥ = Ae (11)

where, « is the variational parameter and A
is the normalization constant.

37/4/01
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We now introduce,

(A1) = (1) + (V) (12)
where, T and V are the Kinetic Energy and
Potential energy operators respectively, de-
fined as,

n d?

T=-——"—— 13
2m dx? (13)
giving the expectation value of kinetic en-

ergy as,

2
(T = / Y iy — le_rz (14)
and
V= +%mw2x2 (15)
giving
2
(V) = /‘I’*V‘I’dx =25 )

as the expectation value of potential energy.
Minimizing the Hamiltonian with respect to
the parameter alpha(a), we get,

d , muw
Using the above value of a, we get,
N 1
(H) min = Ehw (18)

as the exact ground state energy.

Having briefly discussed the Varia-
tional Principle, we now look back at Quan-
tum Monte Carlo using the Variational Prin-
ciple.

3.2 Quantum Variational Monte Carlo:

Given a Hamiltonian H and a trial wave
function ¥(r) , the variational principle
states that the expectation value of (H) is

o [drYF(r)H(r)¥ ()
) = e (¥ ()

(19)

Thereafter, we vary a (variational parame-
ter) according to some minimization algo-
rithm to find the best upper bound to the
ground-state energy.

Now, having all the computational tools
required to solve a quantum system, we pro-
ceed in Section B to solve a Bosonic system
in a 1-D Harmonic trap.

4 Section B

4.1 Problem Statement: Bosons in 1-D
Harmonic Trap

A class of particles which follows the Bose-
Einstein statistics are classified as Bosons.
This concept was first proposed by Satyen-
dra Nath Bose, as an attempt to tackle the
limitation of the Maxwell-Boltzmann dis-
tribution for the microscopic particles at
Along with Albert Einstein,
the duo developed a new statistics, now

all scales.

known as the Bose-Einstein statistics. This
statistics governs the behaviour of non-
interacting, indistinguishable particles with
integral value of spins. Such particles are
known to have symmetrical wave functions.

In this paper, we have chosen a Boson
system with a large number of particles un-

der the influence of a 1-dimensional har-
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monic potential. In other words, we con-
sider a Boson gas with N particles trapped
inside a 1-Dimensional Harmonic potential
well. The problem is to determine the en-
ergy eigen values of the trapped gas using
the Monte Carlo Direct sampling approach
and Markov-Chain sampling method. The
Monte Carlo method results are then com-
pared with the analytically obtained value.

Even though the given problem of a
bosonic system is a standard one with a
closed form solution, the concept of Monte
Carlo sampling can be very well explained
with it. There are various systems wherein
the trapping potential [8] is much more com-
plicated and the Monte Carlo method works
very well for those systems.

4.2 The System, Wavefunction,
Potential and Hamiltonian:

We consider N Bosons with mass m, un-
der the influence of 1-Dimensional Har-
monic Potential. Since the system is non-
interacting, the internal potential is not
taken into account.

The 1-Dimensional Harmonic potential
is given by,

1
V(x) = =mw?x®

5 (20)

where, w = \/% and k is the force constant
characterizing the given harmonic potential.
The analytically obtained wave function of
the particles under the influence of such a

potential is given by [7]:

where the integer n labels the different en-
ergy states. The functions H,(x) are known
as Hermite Polynomials. The ground state
(n=0) wave function is given by,

MW 14 2
Fo(x) = (E)l/% w2

and is depicted in Fig. (10).

(22)

Wavefunction.png
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Figure 10: Harmonic Wavefunction for

ground state (n=0)

Alternatively, a trail wave function can
also be obtained using the concept of Vari-
ational Monte Carlo Method (Section 3.2).
Accordingly, the expectation value of the
Hamiltonian [6] is given by:

() = Jdrydrnipa ()
[ dri..drng;p,

The general form of equation (23) has

(23)

already been discussed in the section 2.3.2.
Since we are working with discrete system
of random points, the finite energy is cal-
culated in the local region of each random
point selected. So, we need to convert
equation (23) to discrete form as follows:

A set

M, T, ...7T 18 considered which corre-
2

of M particle configurations,

sponds to probability distribution |¥,

1 2
al) = () o Hax)e ™2 @)
37/4/01

www.physedu.in



Physics Education

October - December 2021

The equivalent discrete equation can be
shown to be,

M A(rx TTn
(H) >~%21(H(1;n);’;() L) ey

Next, the above equation is solved by choos-
ing some random sample using the Monte
Carlo direct sampling technique and also by
using the Metropolis Random Walk algo-
rithm.

5 Evaluation of Ground State

Energy Eigenvalue

5.1 Analytical Treatment

The energy eigenvalues of the particles un-
der the influence of harmonic potential is
given by,

E,=(n+1/2)hw (25)

where, n=0,1,2..... . Taking h = 1 and w =
1, the ground state energy of the particles is
determined to be, Ej = 0.5 eV.

5.2 Monte Carlo Direct Sampling
method

Now, we will apply the Monte Carlo method
to compute the energy of particles inside the
1-D harmonic trap. In the equation (24), the
Hamiltonian of our system is,

© 2m dx? + 2 (26)

Taking i = 1,m = 1 and w = 1 we have,

0 2
A(x) d +

Izt 27)

In order to calculate the expectation value of
H given by equation (27), we need to con-
sider a function Y, defined as,

_HE)¥()

Y(x) ¥ ()

(28)
Using ¥ (x) from equation (22), we get

2
. —d%2em ¥ 2
H(X)‘Y(X) = W -+ 7@ 2 (29)

Using equation (28) and equation (29) we
get,

2
The Maxima of Y(x) is given by:
dY(x) _
o 0 (31)

Equation (31) gives the maximum value as
Y(0)=1. This is the upper limit of the en-
ergy curve. To select such a sample we
tirst follow the Monte Carlo direct sampling
method discussed in section 2.2.

The sample chosen is in the form of x;

and y; where i runs from 1 to N. Here, x;
represents the randomly chosen position of
the i particle within some arbitrary range
and y; is the corresponding energy value
bounded by the upper limit of Y(x). Out of
the random sample of x; and y;, only certain
points are chosen according to the accept-
ability method described below:
Whenever a random value of y is generated, it is
compared with the corresponding value of H(x),
if y < H(x), then x; is accepted, which in turn
means that the corresponding value of Hamilto-
nian is selected, else it is rejected.

37/4/01
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Let the number of accepted values be p,
where p < N. Using these accepted values
we estimate the ground state energy of the
Hamiltonian by calculating the mean of all
the individual Hamiltonian values at each
point. Figure (11) depicts the variation of the
Hamiltonian with the randomly generated x
range using the Direct Sampling Method.

? 5 S
e T e e A O Y e DX TR

T
)
'_\'JL‘\(‘D_;I\)(»AU'IO‘)

4
EN

-6.5 O 05 1 15
Figure 11: Variation of the Hamiltonian with
the randomly generated x range using the
Direct Sampling Method

The estimated ground state energy
value by Direct Sampling Method (using
Scilab [9]) is 0.5415408 eV'.

5.3 Markov Chain Monte Carlo method :
Random Walk Sampling

In Markov Chain sampling, we have used
the ideas discussed in Section 2.3. Let the
variable, 14,15, represent the number of ran-
dom walks we use in the program. Ini-
tially, we choose a random value of x and
y, which are subsequently updated in accor-
dance to Markov Chain Method to gener-
ate a random path comprising of p number
of accepted points. The process is repeated

to generate such multiple random walks (=

Nirials) to cover the entire under the given
energy curve. At each of the accepted points
(x,y), the value of Hamiltonian is computed
and summed to give the total Hamiltonian,
which is then divided by p * ny,;,5 to give
the value of energy of Bosons. The condi-
tion of acceptability of a Hamiltonian value
for a certain point is the same as discussed
in the direct sampling method (Sec 5.2).

5.4 Random Walk Plots

Fig. (12) through Fig. (19) depict the plots
of Y(x) and the corresponding Hamiltonians
H(x) for an increasing number of random
walks (s = 1, 2, 10 & 50). The com-
puted values of ground state energy in each
case are given in table (1).

Number | Estimated | Error(%)
of Ground
Random State
Walks Energy

(eV)
1 0.1718306 65.63
2 0.902497 80.49
10 0.5768063 15.36
50 0.5690777 13.82

Table 1: Computed Values of Ground State
Energy for Different Random Walks

It can be seen from the table and the ran-
dom walk plots that as the number of ran-
dom walks is increased, i.e., a larger portion
of the area under the Y(x) energy curve is
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covered, the estimated ground state energy

1. For 1 random walk
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Figure 12: Random Walk-1

2. For 2 random walks
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Figure 14: Random Walk-2

Walk-2

approaches the exact value.
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Figure 13: Hamiltonian Plot for Random
Walk-1
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Figure 15: Hamiltonian Plot for Random
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3. For 10 random walks

X

Figure 16: Random Walk-10

4. For 50 random walks
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Figure 18: Random Walk-50

6 Results and Discussions:

In this paper we have used the two ap-
proaches of sampling as described in Section
A. We saw through this paper that Monte
Carlo method gives us a strong and power-
ful tool, to solve the Hamiltonians to com-

Figure 17: Hamiltonian Plot for Random

Walk-10

Figure 19: Hamiltonian Plot for Random

Walk-50

pute energy eigenvalues. It is quite an el-
egant concept for the potentials which are
complicated and are difficult to solve analyt-
ically. Monte Carlo equips us to solve such
complicated potentials without getting into
tedious mathematics, where chances of er-
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rors are more.
The computation of ground state en-
ergy of Bosonic gas under the influence of
1-D Harmonic potential using the Monte
Carlo direct sampling method and the
Metropolis method yielded results in good
agreement with the exact value of 0.5 eV.
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Abstract

Moving coil galvanometer is one of the most
frequently used apparatus in electromagnetic
measurements of any undergraduate physics
laboratory. The critical damping resistance of a
moving coil galvanometer is a crucial parameter
for determining its operation either as a dead beat
galvanometer or as a ballistic galvanometer. The
value of critical damping resistance is provided in
the data sheet by some of the standard
manufacturers of galvanometer. Ironically, many
of the manufacturers do not provide it. Methods of
measuring critical damping resistance in a
laboratory have been discussed by few authors.
However, these methods are meticulous, involved
and time consuming from the point of view of a
student working within a limited time in a
laboratory. In this paper we present a simple and
alternate method of determining critical damping
resistance of a moving coil galvanometer. Firstly,
we present the theory concerned and derive the
required working formula. No approximations
have been made in the underlying theory while
deriving the working formulae. Then, we illustrate
the method by performing an experiment. The
method is simple and less time consuming.

1. Introduction

A moving coil galvanometer (MCQG) is used in a
variety of electromagnetic measurements in an
undergraduate physics laboratory. It not only
offers scope to understand basic interactions in
electricity and magnetism but also finds
applications in various sensitive measurements. As
is well known, an MCG can be used either as dead
beat galvanometer or as a ballistic galvanometer
(BG). A dead beat galvanometer can measure
steady current while a BG can measure a
momentary flow of charge.

An MCG can be made to operate in BG mode
simply by connecting an external resistance,
having a value greater than the so called ‘critical
damping resistance’ (CDR), in series with the
galvanometer. An MCG function as a dead beat
galvanometer if the external resistance is less than
the CDR. The theory of MCQG, its construction and
design were well known by the beginning of
twentieth century [1,2,3,4]. Some of the MCGs are
designed to operate in critically damped
conditions, the theory and method of designing
such MCGs can be found in the literatures, for
example in [5]. The value of CDR of a given MCG
depends on intrinsic constants of the materials
used in its construction such as moment of inertia
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of suspended coil, restoring constant of
suspension, magnetic field, and area and number
of loops in the coil. Methods of measuring CDR of
a general MCG in a laboratory have been discussed
by several authors [6,7]. These methods are
meticulous, involved and time consuming from the
point of view of an undergraduate student working
within a limited time in a laboratory. We present a
simple method of finding CDR in a laboratory by
using simple formulae which have been derived
without involving too many approximations. The
method and the formulae have been tested and
verified through experimental investigations.

In the following sections, we briefly describe
construction and theory of MCG. Subsequently,
we derive a working formula for finding CDR and
we describe the procedure for performing the
proposed experiment. Finally we illustrate our
proposition with experimental data.

2. Construction and theory of the galvanometer

An MCG consists of a movable coil suspended

in the magnetic field of permanent magnet. When
an electric current is passed through the coil, the
latter experiences a torque due to the Lorentz force.
The torque rotates the coil until the driving torque
is balanced by the restoring torque of the coil
suspension. Let N be the number of turns in the
coil, A be the area of coil and B be the strength of
magnetic field. Let us introduce a constant, G =
NAB.
If I is the moment of inertia of suspended coil
about its axis of rotation, a is the damping constant
due to air etc., ¢ is restoring constant, 6 is the
angle of deflection of the coil after time t of
applying a dc emf E to the galvanometer circuit as
shown in figure 1, then the equation of motion of
the moving system is

ae G ae
1S +all+c0=2(E-G6T). (1)

where R, the total resistance of the circuit, is given
by R=R;+R., R;j and R, being the
resistances of MCG and the external resistance
respectively. The equation of motion of the coil
can be written as

av a | 29 _
Drwlige=f, @
GZ
where p= (% + ﬁ), 3)
0= @
GE
and f= = %)

The behavior of MCG will be overdamped,
critically damped or underdamped according as
p? > g2, p? = q? or p? < q? respectively. In the
underdamped condition, that is when p? < g2,
the motion of the coil is oscillatory and its
amplitude is given by

0 = 0,{1 — Ae Plsin(wt + a)}, (6)

R,

{
\
a
e |

o ©

ol r—‘\/}ﬁ/‘/‘—g

Figure 1. Circuit diagram for the determination of critical
damping resistance of an MCG. Low resistance r is used for
providing a potential difference across MCG via external
resistance R,. Variable resistance R; in the battery circuit is
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used for adjusting the emf so as to produce ballistic throw
within the scale.

where w is the angular frequency and is given by
w = /q%* — p?. The constants A and a in eq.(6)

are given by A=, (p?/w?)+1 and a=
tan Y (w/p).
The time period of
oscillation T = 2m/w
can be expressed as
T=_—2" (7)
E_(a+GZ/R)2
1 412

The eq.(6) represents a damped oscillation about
the final steady deflection 6.

2.1 About Damped Oscillation

If an MCG is made to operate in underdamped
condition and a current is passed through it by
inserting both the keys K and K in their positions
as shown in figure 1, the coil would undergo
oscillatory motion about a mean position. The coil
would finally reach a steady state with steady
deflection 8y.The amplitudes of moving system
under this condition are given by eq.(6).

Now, if K> is suddenly removed from the circuit
keeping K fixed in its position, the coil would
undergo damped oscillation about its equilibrium
position (zero position of scale) and the variation
of 6 with time t is then given by

0 = Bye Plsinwt. (8)

If 6, be the first peak throw on one side of the
zero, 0, the second throw on the other side, 65 the
third throw (on the side of 6;), 8, the fourth peak
throw (on the side of 6,) and so on. Then,

01 _ 62 _ 63

e_zzg:a:...:epT/Z = x.
The quantity Inx is called logarithmic decrement
and is denoted by 1 as

A=Inx=2 9)

In order to eliminate the individual errors
introduced by inaccurate readings due to shifts of
the zero of the scale, log decrement A can be
obtained from the relation

A=Lin-t2 (10)

2n Pant

where f; =60, +6,, B, =0, + 63 and so on.
Since B's are the sum of the successive deflections
on the two sides of the zero of the scale, the errors
affecting the individual deflections due to the
inaccurate reading of zero are eliminated. See
textbook such as Feweks and Yarwood [8].

3. Our proposition: Working Formula and
experimental procedure

For a given value of external resistance R,, one can
achieve steady state with both the keys K; and K>
fixed in their positions. Then, if K> is suddenly
removed from the circuit keeping K fixed, the coil
would undergo damped oscillation about the zero
position as discussed above. Then one can measure
and record the values of 6,, 8,, 05, etc. and from
these measured values of deflections one can find
logarithmic decrement A using eq.(10). One
should also measure time period T at this value of
R,. After measuring A and T for this value of
external resistance R,, we can find the damping
term p from eq.(9). Next, we change the values of
R, and repeat the above procedure so as to obtain
A, T and p at different values of R,. We also find
values of A, T and p at R, = oo ; this is done by
taking out both the keys K; and K> from their
positions after achieving steady state. Such
oscillations are usually called the open circuit
oscillations. If we plot a graph with reciprocal of
R along x-axis and p along y-axis, then, we should
get a straight line according to eq.(3). The slope of
this straight line should be equal to G2/2I and the
intercept on y-axis should give the value of a/21.
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Moreover, in the open circuit oscillations, R, —
oo and therefore, R — oo. This implies from eq.(3)
that the experimentally obtained value of  in the

open circuit condition, say p.,, must also be equal
to a/21. So, it is expected that the intercept on y-
axis should match with measured value of p.

Now, one can derive from eqs(3) and (7)
2
—=pt (11)

Using the the values of T and p measured at
different values of R,, one can find the values of
c/1 at corresponding values of R, from eq.(11).
Consequently, an average value, say (c¢/I),, , can
be obtained from the above set of values of c¢/I
calculated at different R,. But, as ¢ and I both are
intrinsic constants for a given MCG, the value of
c/lI and hence the right hand side of eq.(11)
should also be a constant. It is worth mentioning
here that values of T and p measured in open
circuit condition have the lowest error and
therefore the value of ¢/I calculated with these
values of T and p 1is expected to be close to the
average value (¢/I) gy -

Now, the condition for critical damping is p? =
q?. Let this condition be achieved at R, = R_.q4;
this R 4, 1s termed as critical damping resistance
(CDR). The condition p? =g? can also be
expressed as

2
a G*? c
{Z + ZI(Rg+RCdT)} - (T)av’ (12)

where we have used average value of ¢/I. From
eq.(12), one can easily find an expression for
critical damping resistance R 4, as

Rear :—a_Rg (13)

The values of terms G?2/21 and a/2I on the right
hand side of eq.(13) are obtained from the slope
and intercept of the straight line drawn with 1/R
along x-axis and p along y-axis, while (c/I)g, is
calculated from eq.(11) as discussed above. Thus,
knowing values of T and p at different values of
R., one can find the value of critical damping
resistance R 4. of a given MCG under a given
operational condition.

4. Experimental data and results

We present here an experimental data which was
carried out hurriedly for the verification of the
proposed theory as a first time check. As such, the
experimental data and the results eare mainly
aimed for illustrative purpose. We took an MCG
(Besto India made with R;= 200 Q) and made
connections as shown in figure 1. Then, we
adjusted the Variable resistance R; and the value
of low resistance r so as to produce ballistic throw
within the scale. For R,=2 kQ to 18 k€2, the supply
dc voltage (emf) was maintained at 16.2 V. This
voltage was changed during measurements at R,=
20 kQ and at R,= . These changes in voltage was
done so as to obtain noticeable deflection in the
scale (see Table 1: the deflections at R,= 20 kQ
and at R,= oo, marked * in Table 1, are not in
proportion to the deflections at R,= 2 kQ to 18
kQ). Such adustments in voltage does not affect
the values of T and p as these quantities depend
on external resistance R, and other intrinsic
constants of the galvanometer. However, low
resistance r and other operational conditions
remain the same throughout the experiment. We
chose r = 0.01Q. Deflections of the galvanometer
were measured for different values of external
resistance R, following the procedure described in
the previous sections and are presented in Table 1.
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The readings are taken in cm from the linear scale.
Obviously, these linear readings are proportional
to the angular deflections of the coil.

The values of log decrements 4 at each resistance
were calculated using eq.(10) and then damping
terms p were obtained using eq.(9). Thereafter,
values of c¢/I were found from eq. (11). The
values of T, A, p and c/I for each resistance R,
are presented in Table 2. The error in the
measurement of A at R,= 2 kQ was about 24%
and hence it was ignored for further calculations.
Errors in the individual measurements of A for
R.=3 kQ and above was well below 10 %.

On plotting a graph with 1/R along x-axis and p
along y-axis we obtained a straight line as shown
in figure 2. From this graph we obtained slope,
G?/2I =356+ 12 Q and intercept, a/2I =0.006
+0.002 (linear fit R*= 0.9955). The average value
of ¢/I, that is (¢/I),, , was found to be 0.123
+0.002. As expected, value of c¢/I in the open
circuit condition is 0.123. Finally, critical damping
resistance was obtained by using eq.(13). The
experimentally measured value of critical damping
resistance (R.4,-) Was found to be 833+49 Q.

Table 1. Experimental data showing galvanometer deflections at different values of external resistances.

Resistance Time 1St 02 03 04, 05 06 07 08 09 910 911 912
R. (kQ) period Throw (cm) (cm) (cm) (ecm) (cm) (cm) (cm) (cm) (ecm) (cm) (cm)
T(s) 04
(cm)
2 20.7 12.3 2.1 04 0.1
3 19.2 9.9 3.1 1.2 0.2
4 18.9 8.3 3.5 1.6 0.6 0.4
6 18.3 6.4 3.6 2.2 1.1 0.7 0.3
8 18.2 5.5 3.5 24 1.4 1 0.5
10 18.1 4.8 34 24 1.6 1.2 0.8 0.5 0.4
12 18 4.5 3.3 2.5 1.7 1.3 0.9 0.7 0.4
14 18 4.3 3.3 2.6 1.9 1.5 1.1 0.9 0.6 0.5
16 17.9 3.1 2.5 2 1.5 1.3 0.9 0.8 0.5 0.4
18 17.9 3 24 2 1.5 1.3 1 0.8 0.6 0.5 0.4
20 17.9 8.5 6.7 5.6 4.5 3.7 2.9 2.5 1.9 1.6 1.3 1.1 0.8
Open 17.9 11.8" 11.4 10.7 103 9.7 9.4 8.7 8.5 8 7.7 7.2 7
Table 2. The values of Time period ( T ), log decrement ( A ), damping term ( p ) and
c/I for each resistance R..
Resistance Time Log Damping c/l
R.(Q) period decrement term
T(s) 4 p
2000 20.7 1.68 0.16 -
3000 19.2 1.11 0.12 0.122
4000 18.9 0.84 0.09 0.119
6000 18.3 0.58 0.06 0.122
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8000 18.2 0.45 0.05 0.122
10000 18.1 0.37 0.04 0.122
12000 18.0 0.33 0.04 0.124
14000 18.0 0.27 0.03 0.123
16000 17.9 0.24 0.03 0.124
18000 17.9 0.22 0.03 0.124
20000 17.9 0.21 0.02 0.124
Open 17.9 0.05 0.01 0.122

Figure 2. A plot with 1/R along x-axis and p along y-axis showing the variation of damping term p with external resistance R,.
It is to be noted that the total resistance R = Ry + R,, where R is galvanometer resistance. The black solid points denote
experimental data while the red coloured straight line is a linear fit.
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5. Discussion

Even though most of the standard manufacturers of
MCG provide the value of R4, , there are many
manufacturers which provide no other data except
the resistance of the Galvanometer. In such
scenario it becomes important for the student to
have, at least, a rough idea about the value of R4,
so that the set up could be used as a BG. The
method of finding critical damping resistance of an
MCG presented in this paper is simple,
straightforward and less time consuming. The
working formulae used in this method have been
analytically derived without making any
approximations. In the illustrative experiment
presented in this paper we have started our data
from R, = 2000 Q onwards. At 2000 €, the coil
makes only two oscillations before it comes to
equilibrium position and the relative error here is
about 0.25, hence this data was ignored for the
calculations. =~ We have only considered
experimental data corresponding to R,>2000
for further calculations. We also observed that the
value of ¢/ can be directly evaluated by
substituting the values of p and T corresponding to
open circuit in eq.(11). This way one can do away
with the lengthy process of finding average value
of ¢/I . The difference in values of ¢/l obtained
from these two different technique is almost
negligible. Although the number of oscillations
made by the coil before it comes to rest at
equilibrium position may be fewer at lower values
of external resistance R, it is advisable to include
these readings as the variation of time period and
logarithmic decrements are prominently seen at
lower resistances. Besides knowing the value of

CDR this method also gives an idea about the
relative values of , and . The overall
accuracy in the determination of the value of R_4,-
in this experiment is within 5 %. The main focus
of the present work is the presentation of the
working formula and methodology. The
experimental part has been included in the present
work primarily to give a fillip to the understanding

of the underlying theory and procedure.
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Abstract

In this paper, a novel method for the mea-
surement of equilibrium contact angle of
highly volatile binary liquids is proposed.
The proposed computational method, which
combines finite element method and energy
equilibration, calculates the solid-liquid
contact area, which can then be used to es-
timate the equilibrium contact angle. Using
the proposed approach, the contact angles
of binary-liquid droplet on a microgrooved
and smooth polycarbonate substrate were
calculated. The proposed method is found
to be an efficient tool for finding the contact
angle of all liquids (both volatile and non-
volatile).

1 Introduction

Wettability becomes crucial for many indus-
trial and scientific applications such as paint-
ing/coating [1, 2, 13 4], surface chemistry [5],
oil recovery [1, 2, [3, 4] and so on. Wettability

describes the balance of three inter-facial inter-
actions namely, solid-liquid (74), liquid-vapor
(71p)and solid-vapor (7ysy) inter-facial interac-
tions [6, 7, 8]]. The balance between such three
interactions are expressed by Young’s equation
(9} 110, [11],

Y1€0S0 = Ysp — Vs (1)

where 0 is the contact angle. Although the
surface tension of the liquid can be measured
experimentally with satisfactory accuracy, the
solid-liquid inter-facial tension cannot be mea-
sured directly, and therefore the wettability is
usually described by the contact angle, which
is the angle formed between the solid-liquid
The

contact angle is measured experimentally using

interface and the liquid-vapor interface.

the standard sessile drop method, in which the
camera focuses on a liquid droplet placed over a
solid substrate and the geometry of the droplet is

used to obtain the contact angle [[12].

Apart from sessile droplet method, there

are also other methods of measuring contact
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angle directly which includes ™tilting plate”
method [13, [14], captive bubble method, etc.,
(15, 116, [17].

contact angle from these methods is relatively

Although the measurement of

straightforward, there are issues that require
The

inherent inaccuracy of the direct measurement

attention while using volatile liquids: 1.
techniques and 2. simultaneous variation in
the contact area and contact angle of the liquid
over the solid surfaces [[18]]. There have been
numerous studies reporting contact angles for a
variety of liquids, binary systems, etc., In most
such studies, the liquids used are less volatile
and the binary system used contains water as

one of its moiety [19].

In the present paper, an attempt is made to
address the problem of measuring contact angle
of highly volatile liquids. Here, equilibrium
droplet shape of highly volatile binary liquids on
the horizontal smooth and constrained surfaces
are simulated to obtain the contact angle of
binary liquids on solid surfaces. This 3D-drop
shape model is used to numerically analyze
the shape, contact area and contact angle of
the liquid droplets over the solid surface. The
effect of variation of surface tension and surface
roughness on the drop shape and apparent
contact angle is examined. The liquids used
in the present study include methanol, ethanol
and different concentrations of the ethanol-
methanol binary system. The simulated results
are validated with the experimentally obtained
data. The present study shows that the proposed
method can be an efficient tool for finding the

contact angle of all liquids (both volatile and

non-volatile).

The contact angle measurements are also
useful in determining the size of the pores
formed as a result of self-assembly of condensed
liquid droplets. Since, pore size is a measure
of diameter of a triple phase contact line. In
the present study, an attempt is also made to
compare the experimental pore size of the self-
assembled droplet patterns with the simulated

droplet size.

2 Simulation Details

The equilibrium shape of a liquid drop is
achieved through energy minimization. In the
present study, the finite element method and
gradient descent method is used to evolve the
surface toward minimal energy using Surace
evolver [20, 21]. In this the liquid droplet
equilibration is achieved by minimizing various
energies namely, surface tension, gravitational
energy, etc., involved in the defined system.
The initial geometrical parameters, energies
and constraints involved in the system are
given as inputs and the program minimizes
the total energy of the system by modifying
the surface geometry according to the defined
parameters and constraints. The droplet size of
the binary liquid obtained from simulated stable
equilibrium shape of various liquid droplets over
specific smooth and constrained surfaces are

compared with those from experiments.

In the present work, the gravitational effect
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Figure 1: System evolving from initial geome-
try. a) Initial drop b) After 100 refinements c)
After 200 refinements and d) Final shape of the
droplet.

is negligible and hence do not influence the re-
sults significantly. Therefore, gravitational en-
ergy was not taken into account. The initial ge-
ometry and the shape after successive evolutions
are shown in Figure |1} The free energy of the
system is expressed as [22]],

G/vw = Ap —//cos 0dA )

and the contact angle (6) is defined by Young’s

equation [9} 10, [11]. Here in equation [} 7,
refers to surface tension of the liquid and Ay,

The
drop volume specified in this work is 9 ul. The

refers to the liquid-vapor contact area.

bottom face of the droplet is constrained to
move and this boundary condition is considered

to be responsible for obtaining the shape of
the droplets. For the sake of convenience, the
constraints are specified to the edges which
defines the three phase contact line. The suc-
cessive refinements and steps concerning energy
minimization computes the equilibrium shape of
the system. Figure[I] gives the illustration of the

steps involved in the Surface Evolver simulation.

3 Results and Discussion

3.1 Smooth surfaces

Measuring the contact angle of the highly
volatile liquid is experimentally difficult [5} [15].
Hence, in the present study, Surface Evolver
is used to model the wetting behavior of the
ethanol-methanol binary liquid drop on the
smooth surface. For this solid-liquid inter-facial
tension calculated from experiments is used
an input parameter instead of conventionally
used contact angle. The variation of solid-liquid
inter-facial tension for various concentration of
methanol is shown in Figure

The shape of the surfaces after the minimization
of surface free energy are shown in Figure
and [ It is observed from the figure that the
variation of concentration of binary liquid affects
the width and height of the liquid drops on the
smooth surface. Hence the shapes calculated
from Surface Evolver helps in understanding
the variation of pores shapes with varying
concentration of methanol [23].

The solid-liquid inter-facial tension for all
concentration of ethanol-methanol binary sys-
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