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Abstract

Khinchin's formulation, which does not depend
on the Ergodic hypothesis, plays a crucial role in
the foundations of statistical mechanics. In this
article, we briefly discuss about this formulation
and demonstrate how the thermodynamics
of various systems can be derived using this

formulation.

1 Introduction

Statistical mechanics (SM) is a fundamental
branch of physics that explains temperature-
It has

two primary formulations: Boltzmann'’s the-

dependent properties of systems.

oretical approach and Gibbs” more practi-
cal treatment. Both rely on the Ergodic
hypothesis, which asserts that phase and
time averages are equal for any dynami-
cal system—an assumption that remains un-

proven. In 1930, G. D. Birkhoff [1] intro-

duced Ergodic theory to establish this equal-
ity based on system dynamics, but proving
it remained challenging. Khinchin[2] later
addressed the problem differently, arguing
that Ergodic theory was too general and
lacked specific applicability to typical sys-
tems in statistical mechanics. Khinchin ar-
gued that solving the Ergodic problem must
be linked to the system’s characteristics. He
made a new approach which relied mainly
on the assumption: Phase functions are sum
functions, expressed as

F=Yf

where f; represents the phase function of
each particle. An example is the Hamilto-
nian H of a non relativistic free particle sys-
tem:

Hoy
~2m
where p; ‘s are the momenta of particles and
m, the mass.
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Phase functions are named so because
they are functions of the phase space vari-
ables of a system. In classical mechanics,
the phase space is defined by the set of
all possible states of a system, where each
state is specified by the generalized coordi-
nates q; and generalized momenta p;. Since
macroscopic properties are sums of indi-
vidual contributions, statistical averages be-
come simple sums over all particles. In-
stead of analyzing the full many-body phase
space, we only need to consider the behav-
ior of individual particles. Physical quan-
tities like energy, momentum, and entropy
should be extensive, meaning they scale
with the number of particles. If f is a sum
function, it naturally satisfies extensivity:

f(N) <N

In traditional statistical mechanics (e.g.,
Boltzmann’s approach), the Ergodic hy-
pothesis is used to justify averaging over
phase space. Khinchin’s assumption of
sum functions provides an alternative: since
macroscopic properties are sums of many
independent contributions, statistical fluc-
tuations become negligible for large N, lead-
ing to well-defined thermodynamic behav-
ior. One of the limitation of this assump-
tion is that it does not hold for systems
with strong interactions, such as those with
long-range forces (e.g., gravitational sys-
tems, strongly correlated quantum systems).

2 Khinchin Formalism

In this section we will explain the formalism
in a brief way.

Khinchin’s method provides a statistical
approach to determining thermodynamic
properties. This formalism is based on three
key mathematical constructs:

e The phase space volume I'(E), which
defines the accessible micro states for a
system at energy E.

e The structure function ()(E), which
represents the density of micro states
given by

Q(E) = 232, (1)

* The Laplace transform of Q)(E), known
as the generating function ¢(«), is
given by:

(a) = /0 Q) EdE. ()

Here, « is related to the inverse temper-
ature by:

= -—. 3)

2.1 Thermodynamics
2.1.1 Energy

The mean energy (E) is given by:

_ Jo EQ(E)e *EdE
S Q(E)eEdE

(E) (4)
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Using the definition of ¢(«), this simpli-
ties to:

_Jo Ee*EQ(E)dE
AT

Now, we differentiate ¢(a) with respect to a:

()

% (a) = /O N % (¢ F) Q(ENE.  (6)
Since p
EeﬂxE — _Ee°E @)
we obtain

d _ * —aF
() = /O Ee*EQ(E)dE.  (8)
Dividing both sides by ¢(«a), we get:

® Ee—aE
ey =~ EEME

Recognizing that the right-hand side is ex-

actly the expectation value (E), we obtain:

(E) = T ing(a). (10)

From (E), temperature T can be obtained.

2.2 Entropy
Khinchin proposed that entropy should be

expressed as:

S = kgIng(a) + kpa(E). (11)

Here:

e kpln¢(a) is similar to the standard en-
tropy definition in statistical mechanics.

e The additional term kpa(E) ensures
consistency with thermodynamics.

To obtain a more compact expression, we

define a modified generating function:

¢a(a) = e Elgp(a). (12)
Taking the natural logarithm:
In¢g,(a) =Ing(a) + a(E). (13)

Substituting into the entropy expres-

sion:

S = kB lnqbu(zx).

This results in a single logarithmic

(14)

term, making the entropy formula more
compact. This ensures that entropy is now
expressed entirely in terms of ¢, («), simpli-
tying its mathematical form.

2.3  Pressure

The mean energy is given by:

(E) = —;—aln4>(oc, V).,  (5)

From thermodynamics, pressure is defined

as:
__ (9{E)
pP=— (W)a. (16)
Substituting the expression for (E):
d d
Simplifying:
J (d

which can be simplified to
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(19)

3 Applying Khinchin formalism

Let us use the above thermodynamic equa-
tions and find energy, entropy and pressure
for any dimensional system.

3.1 Generalized Micro states

Consider a system where the number of ac-
cessible micro states is given by[3]:

I'(E) = CV"E. (20)
Taking the derivative to obtain the

structure function:

dl mpl—1
e ymgl-1,

The generating function is defined as the

Q(E) (21)

Laplace transform of Q(E):

o0

Q(E)e *EdE.

plav) = |

0

(22)

Substituting Q(E):

¢(a, V) = Cml V"™ /0 El-le*EdE.  (23)

Using the standard integral result:

fora >0, (24)

/oo xn—le—axdx — r(n)
0 ar’

we get:

p(a, V) = lev’“%. (25)

Mean Energy

From Khinchin’s formalism, the mean en-

ergy is:

(E) = —%lncp((x, V). (6)

Substituting ¢(«, V):

Ing(a,V) =InC+In(mlV")+1InT(l) — Il Ina.

(27)
Taking the derivative:
d [
Using o = kBLT' we obtain:
(E) = IlkpT. (29)
Entropy
The entropy is given by:
S=kp[Ing(a,V)+a(E)]. (30)

Substituting values:

S=kp[InC+1In(mlV")+1InT(l) —IIna+1].
(31)
Replacing &« =1/ (kgT):

S=kp[InC+In(mlV") +1InT(l) + IIn(kgT) +1].

(32)
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Pressure

The pressure is obtained from:

o ([ d
P = 7 ( Ing(x, V)) (33)
simplifying
19
P= T Ing(a, V). (34)
From:
Ingp(a, V) =mInV + (constants)  (35)
we get:
O Ingla, V) = G6)
PG neo(«,
Thus:
m
P = kBTV' (37)

3.2 Thermodynamics of an ldeal Gas

Next we will use the above formulation and

o(a, V) = / Q(E, V)e “EdE.  (39)
0
Substituting Q(E, V):
Pla,V) = NVN/ E> ~le*E4E.  (40)
Using the integral identity:
. ri+1
/0 xle ™ dx = (,Xl+1 ), 41)
we get
(%)
¢(a, V) = NV “é (42)

Mean Energy

From Khinchin’s formalism, the mean en-
ergy is:

d

find out whether it agree with ideal gas ther- E=- da In (e, V). (43)
modynamics. Let Taking the logarithm:
= VNE3N/2
3N 3N
We avoided C, the constant, because of its Ing(a,V) =NInV +1InT ( 5 ]~ 71 .
irrelevance in thermodynamics. From this, (44)
the structure function is: Differentiating:
3N1
dr =
QEV) = - = = NVNEZ -1, (38) E=7%a 45
The generating function is defined as Using & = g7, we obtain:

the Laplace transform of the structure func- 3
tion: E= ENkBT- (46)
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Entropy

The entropy in Khinchin’s formalism is

given by:
S =kp[Ing(a, V) +aE]. (47)
Substituting ¢(«, V') and E:
3N 3N 3N
(48)

Using a = kBLTand Stirling’s approxima-
tion

S ~ kg {Nan—Fgln

3NksT 3N
2 2 ]
(49)

This is the Sackur-Tetrode equation.

Pressure

From Khinchin’s formalism:

19

Since:
Ing(a, V) = NInV + (other terms), (51)
differentiating w.r.t. V:
0 N
Thus,
1N
P = v (53)

i = L in
Using &« = -, we obtain:

PV = NkpT. (54)

All the ideal gas thermodynamics defined
earlier are obtained. [4]

4 Conclusion

Khinchin’s statistical mechanics, though
challenging, offers a simplified approach
under restrictive assumptions, such as treat-
ing the Hamiltonian as a sum function. This
limits its applicability to systems with weak
interactions and excludes phase transitions.
However, it reinforces that statistical me-
chanics is valid only for systems with many
degrees of freedom. Despite its constraints,
we demonstrate that Khinchin’s method can
effectively determine the thermodynamics
of certain high-dimensional systems.
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