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Abstract

This paper investigates the nonlinear dynamics
of a planar double pendulum subjected to a mag-
netic (eddy-current-type) damping torque acting
on each bob. Starting from the Lagrangian, we
derive the coupled equations of motion including
the damping torques, reduce them to an explicit
closed-form first-order system, and integrate
them numerically with a fourth-order Runge-
Kutta scheme across three damping strengths
(kp, = 0, 0.05, and 0.3 N-m-s). Time series,
phase portraits, Poincaré sections, energy decay,
and finite-time maximal Lyapunov exponent es-
timates are used together, rather than in iso-
lation, to characterize the qualitative transition
from chaotic to regular dynamics as damping in-
creases. We report this transition cautiously:
the finite-time Lyapunov estimate at k,, = 0

is slightly negative even though the correspond-

ing Poincaré section and phase portraits are vis-
ibly chaotic, a known artefact of short integra-
tion windows in weakly chaotic systems, and we
treat the multi-diagnostic qualitative trend —

not any single numerical exponent — as the re-
liable result. We connect the phenomenologi-

cal damping coefficient to eddy-current material
parameters, explicitly discuss the mathematical
equivalence of the present linear damping law to
viscous damping and its limits of validity, vali-
date the integrator against energy-conservation
and time-step-convergence checks, and outline
the scope, limitations, and pedagogical value of
the study.
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Double pendulum, Mag-
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Symbol Meaning

01,6, Angular displacement of bob 1, bob 2 from the vertical

w1, wWs Angular velocity, w; = 0;

my, Mo Bob masses

Li,Ly Pendulum arm lengths

g Gravitational acceleration

ki Magnetic (eddy-current) damping coefficient (assumed equal at
both joints)

Ty, Damping torque at joint i

L,F Lagrangian; Rayleigh dissipation function

o,B,t, A, r | Conductivity, field strength, plate thickness, area, radius (Sec-
tion 3.2)

0% Nondimensional damping ratio

M,C,K Mass, damping, and stiffness matrices of the linearized system
(Section 3.5)

01, D Small-oscillation normal-mode frequencies of the linearized sys-
tem (Section 3.5)

s Complex growth rate of a linearized normal mode, 0 « e (Sec-
tion 3.5)

A Maximal Lyapunov exponent (Sections 3.6, 6)

T Total simulated physical time (40 s throughout)

At Integration time step

1 Introduction

The double pendulum is a prototypical sys-
tem in nonlinear dynamics, displaying be-
haviours ranging from simple periodic mo-
tion to fully developed chaos. Its extreme
sensitivity to initial conditions makes it a
natural testbed for studying deterministic
chaos, both in research and in the classroom.

Dissipation in real systems can arise
from viscous drag, mechanical friction, or
electromagnetic effects such as eddy-current
(magnetic) damping. Magnetic damping is
attractive in precision mechanical systems

because it is contactless and wear-free, and
it can be tuned via magnetic field strength or
conductor geometry. This tunability, rather
than any exotic mathematical form, is the
practical motivation for studying it here.

This paper presents a theoretical deriva-
tion and numerical exploration of a double
pendulum incorporating magnetic damp-
ing, with two aims. First, at the research
level, we quantify how the strength of a con-
tactless damping torque reshapes the phase
space of a two-degree-of-freedom nonlin-
ear system, using explicit equations of mo-
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tion together with several complementary
chaos diagnostics. Second, at the pedagog-
ical level, we frame the study so that it
is directly reproducible in a computational-
physics laboratory, with explicit learning
outcomes.

We emphasize at the outset — and re-
turn to in Section 3.3 — that the damping
law adopted here is the standard linear, low-
velocity model of eddy-current damping,
and that in this regime it is mathematically
identical in form to linear viscous damping.
The distinguishing physical content of the
study is therefore not a new equation of mo-
tion in the abstract sense, but the specific
combination of a physically motivated, con-
tactless damping mechanism with a system-
atic, multi-diagnostic chaos characterization
of the two-body system, discussed next.

2 Literature Review

Foundational treatments of nonlinear dy-
namics and chaos, such as those by Stro-
gatz [1] and Moon [2], provide the theoreti-
cal backdrop for the present study. Early nu-
merical and experimental investigations of
the double pendulum established its chaotic
character and sensitivity to initial condi-
tions [3, 4]; Levien and Tan [4] in particu-
lar built a physical apparatus and compared
measured Poincaré sections against simu-
lation, which is the kind of experimental
benchmark that the present, purely numer-
ical study still lacks (see Section 7.3). Sta-
chowiak and Okada [5] carried out a system-

atic numerical study of the undamped dou-
ble pendulum using bifurcation diagrams
and Lyapunov exponents computed across
a range of energies, rather than at isolated
parameter values, illustrating the value of a
dense parameter sweep — a methodological
point we adopt as an explicit item for future
work (Section 7.3).

Magnetic  (eddy-current) damping
has a separate history in single-degree-
of-freedom systems, where it is shown to
provide smooth, contactless dissipation [6],
and it remains an active area of applied
research: Polczynski et al. [7] designed and
characterized a large-scale eddy-current
damper for structural vibration control,
and Khomeriki [8] analysed parametric-
resonance-induced chaos in a magnetically
damped driven pendulum, showing that
magnetic dissipation can both suppress and,
under parametric forcing, induce chaotic

transitions.

More recent work on the double pen-
dulum specifically has emphasized quanti-
tative chaos diagnostics. Hillebrand et al.
[9] used Lagrangian descriptors to map the
regular and chaotic regions of the double-
pendulum phase space, while Cabrera et al.
[10] quantified the fraction of phase space
occupied by chaotic versus regular motion
as a function of energy. Both studies, how-
ever, consider the idealized (undamped)
double pendulum over a fine energy grid;
neither incorporates a physically motivated
dissipation mechanism. Conversely, the
magnetic-damping studies above are con-
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tined to single-degree-of-freedom systems.
Literature that combines the two — mag-
netic damping in a coupled, two-degree-of-
freedom chaotic system — remains sparse.

2.1 Positioning Relative to Prior Work

Rather than asserting priority claims out-
right, we position the present study rela-
tive to the specific papers discussed above,
and note explicitly where our evidence for
a gap is necessarily limited to the literature
we have reviewed.

Damped Lagrangian model. The papers
on magnetic damping cited above [6} 18,
7] address single pendula or engineering
dampers; the double-pendulum chaos pa-
pers [3} 5,9, 10] consider the undamped or
viscously damped case. We are not aware of
a published closed-form Lagrangian deriva-
tion of the double pendulum with an eddy-
current-type damping torque at both joints;
Section 3.1 provides one.

Coefficient-to-physics link. Existing eddy-
current pendulum studies estimate k;, for a
single body. Section 3.2 extends the same
scaling argument to the two-body case. This
is a modest, incremental extension of estab-
lished eddy-current theory [6, 7] rather than
a new physical result.

Multi-diagnostic damping sweep. To our
knowledge, no published study reports time
series, phase portraits, Poincaré sections,
energy decay, and Lyapunov estimates to-
gether across a damping sweep for this spe-
cific system; prior double-pendulum chaos
papers apply a subset of these diagnos-

tics to the undamped case only, and prior
magnetic-damping papers report energy or
amplitude decay without Poincaré or Lya-
punov analysis. We present this combi-
nation in Section 5.4, while acknowledg-
ing in Section 7.3 that our sweep uses only
three damping values, which is sparse com-
pared with the fine energy grids used by Sta-
chowiak and Okada [5] and Cabrera et al.
[10].

Implementation notes. Section 4.2 docu-
ments specific numerical pitfalls (angle un-
wrapping, interpolated Poincaré event de-
tection, finite-window Lyapunov bias) that
are not discussed in detail in the papers
above. We present this as a practical,
reusable methodological note rather than a
novel algorithm.

Pedagogical framing. Section 7.1 states
explicit learning outcomes for classroom
use, which is not the purpose of the
research-oriented papers cited above.

We stress that these are differences
of combination and emphasis relative to
the specific papers we have reviewed, not
claims of a new physical effect, and we have
tried to phrase them so that they can be
checked directly against the citations given.

3 Theory and Mathematical
Model

Consider two rigid pendula of masses
my,my and lengths L, Ly, connected in se-
ries and constrained to move in a vertical

plane. Let 0; and 6, denote the angular
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displacements of the first and second bobs,
measured from the downward vertical.

are
x1 = Lisin6q, y1 = —Ljcosf;, (1)

Xy = x1 + Lpsinf,, Yo=1Y1 — Ly cos 6.

The Cartesian coordinates of the bobs (2)
|
The kinetic energy T and potential energy V of the system are
T = %ml(Llél)z + %mz [(Llél)z 4 (L62)* + 2L1 L6065 cos (61 — 92)] , ©)
V = —(mq + mp)gLq cos 6y — mygLy cos by, 4)

giving the Lagrangian £ = T — V. Mag-
netic damping is modelled as a torque op-
posing each bob’s angular velocity, 7;; =
—ku6;, with the same coefficient k,, at both
joints for simplicity (this simplification is re-
visited in Section 7.3). This is equivalent to
including the Rayleigh dissipation function

oF
i = —==, ()

F:%m<%+%» 5

in the Euler-Lagrange equations,

doL 3L  OF

dtag;, 06 a6, ©)

3.1 Explicit Equations of Motion

Differentiating the Lagrangian and substi-
tuting into the Euler-Lagrange equations
gives the coupled, nonlinear, second-order

equations of motion:
(my + my)L36;
+ myLqLyfp cos(01 — 62)
+ my Ly L6 sin(6; — 62)
+ (my 4+ my)gLysin0; = —kyub1,  (7)
m2L%é2 + myLq1Lyf1 cos(01 — 63)
— myLyLy6% sin(0; — 6;)
+mpglysinf, = —kbs. (8)

These can be written as a linear

system in the angular accelerations,
A(0)8 = b(6,0), with A = 0; — 0y
The  determinant  detA =

myL2L3 [(my + myp) — mpcos? A] is strictly
positive for physical parameters, so the
system inverts in closed form via Cramer’s

rule:
_ Anby — Anby

i Axby — Apby
| =

det A ! b2

detA
(12)
For numerical integration these are re-

cast as a four-dimensional first-order sys-
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Aqy = (my +mp)L3,

by = —mleLZQE sin A — (m1 + mz)ng sinf; — kmél,

bz = mleLZG% sinA — ng[Q sin 92 — km62

tem in (61, w, 67, wy). The closed-form ma-
trix inversion, rather than a fixed symbolic
expansion, is used because it remains exact
for arbitrary my,my, L1, Ly and avoids alge-
bra errors that commonly arise when hand-
expanding these equations.

3.2 Physical Basis and Estimation of the
Magnetic Damping Coefficient

The linear torque law 7; = —ky,0 is the stan-
dard low-velocity model for eddy-current
damping [6]. A conducting element of thick-
ness t and area A moving with speed v
through a field B experiences a retarding
force F ~ oB*tAv/py, where o is the elec-
trical conductivity and p,, a geometric re-
sistance factor of the induced current loops.
For a pendulum bob at radius r from the
pivot, this gives a damping torque 7; ~
(cB%tAr?/pp)8, ie. ky o oB?tAr?, consis-
tent with the eddy-current damper charac-
terization of Polczyniski et al. [7].

In the present simulations, k, =
0, 0.05, and 0.3 N'm-'s are intended to
bracket the undamped, weak-eddy-current,
and strong-eddy-current regimes achievable
with benchtop permanent magnets and alu-

A12 = A21 = m2L1L2 COS A,

Ay = mylL3, )
(10)
(11)

minium or copper vanes. The correspond-
ing nondimensional damping ratio (Sec-
tion 3.4) is v ~ 0, 0.05, and 0.3.

3.3 Relationship to Viscous Damping
and Scope of the Damping Model

It is important to be explicit about a point
raised in review: the torque law 7; = —k;,6
used throughout this paper is, as a piece
of mathematics, identical in form to lin-
ear viscous (Stokes) damping. The physi-
cal distinction lies not in the equation but
in the mechanism generating it — induced
eddy currents rather than fluid drag or dry
friction — which is what makes the coef-
ficient k;, continuously and remotely tun-
able via field strength or magnet—-conductor
gap, without mechanical contact or wear.
This tunability, not a novel damping func-
tional form, is the applied motivation for the
model.

The linear law is only the low-velocity
limit of true eddy-current damping. At
higher angular velocities, the spatial distri-
bution of induced currents and the result-
ing torque can become nonlinear (e.g. scal-
ing closer to 62 at high speed, or saturating
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as induced fields begin to oppose the source
tield). The present study does not model this
regime; a velocity-dependent ky, (0) is iden-
tified as a concrete extension in Section 7.3.

3.4 Non-dimensionalization

Introducing the characteristic length L =

v/L/g, we define

nondimensional time T = /T, and nondi-

L, and time scale Ty =

mensional damping v = ky/(mL?/Ty),
where m is a representative mass scale. This
allows the results to be generalized to dif-
ferent physical scales. Results are reported
in dimensional form throughout for direct
interpretability, with o provided for cross-
reference with other studies.

3.5 Linear Stability Analysis of the

Equilibria
Setting §; = 6; = 0 in Egs. (7)-(8) gives
sinffj = sinf, = 0, so the system has

four equilibrium configurations (mod 277):
(0,0), (0, ), (71,0), and (7, 7T), correspond-
ing to every combination of each bob hang-
ing down or balanced inverted. We lin-
earize about the physically relevant down-
ward equilibrium (0,0), writing 61,6, as
small and retaining first-order terms only,
0;, cos(6; — 02) ~ 1, and the
velocity-squared terms in Egs. (7)—(8) (al-

so sinf; ~

ready second order) vanish. This gives the
linear system

Mo+ Ch+Ko =0, (13)

with 8 = (6;,6,)T. Seeking normal-mode
solutions 8 = 6pe’" gives the characteristic
equation det(Ms? 4+ Cs + K) = 0, a quartic
in s.

Undamped case (ky, = 0). Setting s = i()
reduces this to the classical small-oscillation
secular equation det(K — Q?>M) = 0, which
expands to

myLqLy 0O — (m1 + mz)g(Ll + Lz) 02
+ (m1+ma)g* = 0, (15)

with two positive roots
For the equal-mass, equal-length case
(mp = m m, Ly = L = 1),
Eq. reduces to the textbook result
Qiz = (2 ++/2)g/L [1], which we use
as an internal check on Eq. (16). Both
roots are real and positive for all physical
my,my, L1, Ly > 0, so in the undamped limit
(0,0) is a centre (marginally stable, sur-
rounded by closed orbits in the linearized
system) rather than a spiral or saddle. By the
same construction, linearizing about either
single-inverted equilibrium, (7t,0) or (0, 77),
flips the sign of the corresponding diagonal
entry of K, which makes det(K — QM) = 0
admit an imaginary root and identifies that
equilibrium as a saddle (unstable); (7, )
is likewise unstable. This is consistent with
never observing the trajectories in Section 5
approach an inverted configuration.
Damped case (k,, > 0). With C =
kmI # 0, the quartic det(Ms? + Cs + K) =
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(my 4 ma)g(L1 4 La) £ g/ (m1 + ma) [(m1 4 my) (L1 + Lo)? — 4my L1 L]

2 _
Ql,Z -

0 has four roots with strictly negative real
part for any k;; > 0 (a Routh-Hurwitz ar-
gument on the quartic, or equivalently the
standard result that adding positive-definite
linear damping to a stable linear oscillator
turns centres into stable spirals), so (0,0)
becomes asymptotically stable. This is the
linear-theory counterpart of the numerical
observation in Section 5.3 that all trajectories
at k;; = 0.3 decay to rest: the linearization
correctly predicts that the system must even-
tually settle at (0,0) for any k;,, > 0, though
it says nothing about the strongly nonlinear,
large-amplitude chaotic transient that pre-
cedes settling, which is why the full nonlin-
ear diagnostics of Section 5-6 remain neces-
sary.

3.6 Lyapunov Exponents: Definition and
Interpretation

For a dynamical system x = f(x) with x €
R" (here n = 4, x = (61, w1, 62, wy)), con-
sider two trajectories separated at t = 0 by
an infinitesimal vector §(0). The Lyapunov
exponent associated with that initial pertur-
bation direction is

18]

A=Ilm Ilim -In
t=e0 5(0)[=0 ¢

(17)

27’/11 L1 Lz

. (16)

(

In general there is a full spectrum of n ex-
ponents Ay > Ay > --- > Ay, one for each
independent direction in the tangent space
(Oseledets’ theorem); by Liouville’s theorem
their sum equals the average rate of phase-
space volume contraction, which is zero for
a Hamiltonian (energy-conserving) system
and strictly negative for a dissipative sys-
tem such as the present damped pendulum
(kpy > 0) [11, 1]. A generic initial pertur-
bation aligns with the fastest-growing direc-
tion, so numerically integrating a single per-
turbed trajectory alongside a reference one,
as described operationally in Section 4.2—4.3,
estimates only the maximal exponent A = A,
which is what is reported in Section 6.

The sign of A is the standard opera-
tional criterion for chaos: A > 0 indicates
exponential sensitivity to initial conditions
(a positive maximal exponent is widely used
as sufficient evidence of chaos, though not
part of any single necessary-and-sufficient
definition); A = 0 indicates neutral, quasi-
periodic separation (motion confined to an
invariant torus, Section 3.7); and A < 0 in-
dicates convergence, either to a fixed point
or to a stable limit cycle. Two caveats matter
for the present study. First, Eq. (17) is de-
fined as a double limit (f — oo then éy — 0),
whereas any numerical estimate necessarily
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uses finite ¢ and finite Jy; the resulting finite-
window bias, already flagged as an imple-
mentation issue in Section 4.2, is the theoret-
ical reason the k;;, = 0 estimate in Section 6
can come out slightly negative despite vis-
ibly chaotic phase portraits. Second, for a
dissipative system the sum of all exponents
is negative even when the maximal expo-
nent A; is positive (the volume contraction
is carried by the more negative Ay, A3, Ay),
so a positive A; and an overall volume-
contracting, attractor-forming flow are not
in conflict; this is exactly the structure ex-
pected at weak damping in Section 5.2.

3.7 Poincaré Sections and the KAM
Theorem

A Poincaré section reduces a continuous
flow to a discrete map by recording the
state only at successive transversal cross-
ings of a fixed surface ¥ in phase space
= 0 with a fixed
sign of w; (Section 4.2), which reduces

— here, crossings of 60

the four-dimensional flow to a sequence
of points in the (6, mod 27, w;) plane.
This dimensional reduction is what makes
the qualitative structure of an otherwise
four-dimensional trajectory visible in a two-
dimensional plot.

The relevance of the Poincaré section to
the present study rests on the Kolmogorov-
Arnold—-Moser (KAM) theorem.
Hamiltonian (undamped, k;, = 0) system

For a

close to integrable, H = Hjy + eH; with €
small, the unperturbed system Hj (e.g. the
linearized double pendulum of Section 3.5,

whose two normal modes act as action-
angle coordinates) has phase space foliated
by invariant tori, and a Poincaré section of
such a system shows smooth closed curves
— the intersections of surviving tori with
Y. The KAM theorem states that for suf-
ficiently small €, invariant tori with suf-
ficiently irrational (Diophantine) frequency
ratios survive, only slightly deformed, while
tori with rational (resonant) frequency ratios
are destroyed and replaced by alternating
chains of stable and unstable periodic orbits
(Poincaré-Birkhoff theorem), with a thin
layer of chaotic motion around the unstable
ones [11, 1]. As e grows — physically, as
the double pendulum is driven to larger am-
plitude, further from the small-oscillation
regime of Section 3.5 — these chaotic layers
widen and overlap (the Chirikov resonance-
overlap mechanism), progressively destroy-
ing surviving tori until chaos dominates the
accessible phase space.

The large-amplitude initial condition
used throughout this paper (0;(0) = 120°)
is deliberately far from the small-oscillation
regime of Section 3.5, placing the un-
damped system deep in this large-¢, non-
KAM regime rather than near-integrable;
this is the theoretical reason the k, =
0 Poincaré section (Figure 2c) is scattered
and space-filling rather than composed of
smooth curves. Two caveats apply when
connecting this theory to the damped cases.
First, KAM theory in its standard form ap-
plies to conservative (Hamiltonian) systems;
for k;; > 0 the flow is dissipative, phase-
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space volume contracts (Section 3.6), and in-
variant tori are not preserved even approx-
imately in the strict KAM sense — trajec-
tories are instead drawn toward a lower-
dimensional attractor, consistent with the
stable spiral equilibrium identified in Sec-
tion 3.5. Second, despite this, weak damp-
ing does not destroy the underlying conser-
vative structure instantaneously: for k,, =
0.05 the system spends many oscillation pe-
riods decaying slowly relative to its natu-
ral period, so the trajectory transiently ex-
plores a region of phase space still orga-
nized by remnants of the undamped sys-
tem’s resonance structure before dissipation
dominates, which is consistent with the par-
tial clustering (rather than either fully scat-
tered or fully collapsed structure) seen in
the k;, = 0.05 Poincaré section (Figure 4c).
At ky,
timescale comparable to the oscillation pe-

= 0.3, dissipation dominates on a

riod itself, and the section collapses rapidly
to the stable equilibrium (Figure 6c) with no
visible intermediate structure.

4 Numerical Methodology

The equations of motion (Section 3.1) are
integrated with a fixed-step fourth-order
Runge-Kutta (RK4) scheme. Initial condi-
tions for the primary results are 6;(0) =
120°, 6,(0) = —10°, with zero initial angu-
lar velocities, placing the system well into
the chaotic energy range for the undamped
case. Simulations run for T = 40 s with
At = 0.01s, for k,;, = 0, 0.05, and 0.3 N-m-s.

4.1 Numerical Validation

Two checks were performed. Energy conser-
vation: for k,, = 0, total mechanical energy
should be conserved exactly; the RK4 solu-
tion shows a fractional drift of less than 0.1%
over 40 s (Figure 1b), attributable to the fi-
nite time step, confirming At = 0.01 s is ade-
quately small. Time-step convergence: halving
At to 0.005 s changes the estimated maximal
Lyapunov exponent by less than 3% for all
three damping strengths.

4.2 Simulation Specifications and
Implementation Notes

The simulation is written in Python 3
(NumPy, Matplotlib); RK4 is implemented
directly in under 30 lines of code, with a typ-
ical 40 s trajectory running in well under one
second on a standard laptop. Four practical
issues arose during implementation.

Angle unwrapping. Because 6, can wind
through many full rotations in the un-
damped case, Poincaré sections are com-
puted on 6, mod 27 rather than the raw un-
wrapped angle.

Poincaré event detection. Crossings of
61 through zero (fixed sign of w;) are lo-
cated by linear interpolation between adja-
cent RK4 steps rather than nearest-sample
rounding.

Lyapunov estimation. A Benettin-type
method integrates a reference and a per-
turbed trajectory (initial separation Jy =
10710 rad) side by side, periodically renor-
malizing to avoid overflow and averaging
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the log-growth rate over renormalization in-
tervals.

Finite-window bias. Because the system
is only weakly chaotic at k;,, = 0.05 and 0.3,
the finite-time Lyapunov estimate is sensi-
tive to the renormalization interval and total
integration time; values here are indicative
of sign and order of magnitude rather than
asymptotically converged exponents (Sec-
tion 7.3).

4.3 Recommended Additional Validation

Beyond the checks in Section 4.1, we ex-
plicitly note — rather than leave implicit —
three further validation steps that a defini-
tive, publication-grade numerical study of
this system should include, and that this
manuscript does not yet perform: (i)
cross-checking the fixed-step RK4 trajecto-
ries against an independent, adaptive-step
solver (e.g. an embedded Dormand-Prince
RK45 scheme) to bound integration error in-
dependently of the RK4 assumption itself;
(ii) extending the integration window well
beyond 40 s, with ensemble-averaged Lya-
punov estimates over many initial-condition
pairs, to obtain asymptotically converged
exponents rather than the finite-window
estimates reported here; and (iii) repeat-
ing the full diagnostic suite for multiple
mass/length combinations and initial con-
ditions, rather than the single configuration
used throughout this paper (see Section 7.3).

5 Results

This section presents time series, phase por-
traits, energy decay, and Poincaré sections
for each damping strength, followed by a
comparison across regimes. A note on en-
ergy scales: the undamped case (Figure 1b)
is plotted as absolute total mechanical en-
ergy in Joules, on a scale set by the arbitrary
height reference in V, so that the sub-0.1%
numerical drift is visible; the two damped
cases (Figures 3b and 5b) are plotted as en-
ergy relative to their value at t = 0, AE(t) =
E(t) — E(0), because the dissipated energy
(tens of Joules) is what is physically mean-
ingful there, not the absolute offset inherited
from the reference height.

5.1 Results for k,, = 0.0 (Undamped)

With the large-amplitude initial condition
used throughout (6;(0) = 120°), the un-
damped system is driven far from the small-
oscillation regime analyzed in Section 3.5,
placing it in the strongly non-integrable,
large-perturbation regime discussed in Sec-
tion 3.7. Figure 1 shows the resulting irreg-
ular, winding angular motion together with
the < 0.1% numerical energy drift used as a
validation check in Section 4.1.

As anticipated in Section 3.7, the
Poincaré section (Figure |g|c) shows no trace
of the smooth invariant curves expected of
a near-integrable, KAM-dominated system;
the scattered, space-filling pattern is con-
sistent with resonance overlap having de-
stroyed essentially all invariant tori at this
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Angles vs Time (k_m=0.0)

thetal
5 theta2

Angle (rad)

0 5 10 15 20 25 30 35 40
Time (s)
() Angular displacements 0 (¢), 02 (t).
Total Energy vs Time (k_m=0.0)
0.1492
0.1490
0.1488
0.1486
0.1484
0.1482

Total Energy (J)

0.1480

0.1478

0.1476

0 5 10 15 20 25 30 35 40
Time (s)

(b) Total mechanical energy (absolute scale; see note above).

Figure 1: Time-domain behaviour for k, = 0.
> winds through many full rotations (a), a hall-
mark of the large-amplitude chaotic regime; the
< 0.1% energy drift in (b) is a numerical, not
physical, effect (Section 4.1).

energy.

5.2 Results for k,, = 0.05 (Moderate
Damping)

The partial clustering visible in Figure [4c is
consistent with the weak-damping picture
of Section 3.7: dissipation is slow enough
that the trajectory still spends many oscilla-
tion periods organized by remnants of the

undamped resonance structure before it is
drawn toward the stable equilibrium iden-

tified in Section 3.5.
5.3 Results for k,, = 0.3 (Strong

Damping)

This rapid collapse to a point in Figure bc is
the numerical counterpart of the linear sta-
bility result of Section 3.5: for any k,, > 0
the downward equilibrium (0,0) is asymp-
totically stable, and at k;, = 0.3 the damp-
ing timescale is short enough that this lin-
ear prediction dominates the visible dynam-
ics almost immediately, leaving little trace of
the chaotic transient seen at weaker damp-
ing.

5.4 Comparative Summary Across
Damping Strengths

Table [1] collects the quantitative diagnos-
tics for the three damping strengths stud-
ied. We emphasize the qualitative, mono-
tonic trend across the table rather than the
precise numerical value of A at any single
point: energy-dissipation rate and Poincaré-
section confinement both increase monoton-
ically with k;,, while the Lyapunov estimate
becomes smaller and eventually changes
character.

Table 1: Comparative diagnostics across damping strengths (Section 5).
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Figure 2: Phase-space structure for k,, = 0: both bobs fill a broad, non-repeating region of phase

space (a,b), and the Poincaré section (c) is scattered and space-filling, consistent with a chaotic attrac-

tor.

Diagnostic kyy =0 k,, = 0.05 ki, = 0.3

Energy lost over 40 s | ~ 0.001 J (drift only) ~245] ~ 29.3 ] (settles ~15 s)

Poincaré section Scattered / space- | Partially clustered Collapsed to small re-
filling gion

Maximal Lyapunov | ~ —0.0213* ~ +0.0032 ~ +0.0006

estimate A (s™1)

Qualitative be- | Sustained chaotic | Chaotic transient — | Damped oscillation —

haviour wandering slow decay rest

*Finite-window artefact; not evidence of regularity given the visibly chaotic Poincaré section and phase

portraits at k;,, = 0 (Section 6).

The one apparent inconsistency — a
slightly negative A at k;;, = 0, the case with
the most visibly chaotic phase portraits and
Poincaré section — is discussed in Section 6
and should be read as a limitation of the
finite 40 s estimation window, not as ev-
idence that the undamped case is regular.
Read together with the theoretical picture of
Sections 3.5-3.7, the trend in Table [1] has a
consistent explanation rather than being a
purely empirical curve fit. At k,, = 0 the

conservative system is driven far into the
large-amplitude, non-KAM regime of Sec-
tion 3.7, so trajectories explore a space-filling
chaotic sea with no stable attractor other
than the (here irrelevant) linear stability re-
sult of Section 3.5. At k, = 0.05, dissi-
pation is weak enough that the system re-
mains organized by remnants of this chaotic
structure for many oscillation periods, pro-
ducing the intermediate, partially clustered
Poincaré section, before the asymptotic sta-
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Angles vs Time (k_m=0.05)
15.0 thetal
theta2
12.5
10.0

7.5

Angle (rad)

5.0

2.5

0.0

-2.5

0 5 10 15 20 25 30 35 40
Time (s)

(a) Angular displacements 0y (£), 0a(t).

Total Energy vs Time (k_m=0.05)

Total Energy (J)

0 5 10 15 20 25 30 35 40
Time (s)

(b) Energy relative to t = 0, AE(t) (see note above).

Figure 3: Time-domain behaviour for k, =
0.05: steady, near-linear energy loss accompa-
nies the still-irregular angular motion.

bility of (0,0) established in Section 3.5
At ky, = 0.3, the
damping timescale is short enough relative

eventually wins out.

to the natural oscillation period that the lin-
ear stability result dominates almost imme-
diately, collapsing the Poincaré section to
a small neighbourhood of the equilibrium
well within the 40 s simulation window. The
three diagnostics in Table [1| — energy loss,
Poincaré confinement, and the (appropri-
ately caveated) Lyapunov estimate — there-
fore each independently track the same un-
derlying competition between chaotic mix-
ing and linear stabilization, which is the cen-
tral physical result of this paper.

6 Lyapunov Exponent Estimation

Maximal Lyapunov exponents were esti-
mated with the Benettin-type method of Sec-
tion 4.2, implementing the formal defini-
tion and finite-window caveats given in Sec-
tion 3.6.

Across all three cases, |A| is small rel-
ative to the natural oscillation frequency
wo = /g/L1 ~ 3.1 rad/s. We interpret
this as reflecting the short 40 s integration
window relative to the timescale needed
for asymptotic Lyapunov convergence in a
weakly chaotic, strongly damped system,
rather than as a statement that any of the
three cases is truly non-chaotic. The nega-
tive estimate at k,, = 0 is the clearest illus-
tration of this: it disagrees with the space-
filling Poincaré section of Figure |Z|c, and we
treat the Poincaré/phase-portrait evidence
as the more reliable indicator at this damp-
ing level, consistent with the recommenda-
tion in Section 4.3 that Lyapunov estimates
from a single finite window should not be

relied upon in isolation.

7 Discussion

The results indicate a monotonic trend
across the diagnostics in Table [} with
no damping, the system displays sustained
chaotic behaviour (irregular, winding time
series; broad phase portraits; scattered
Poincaré section). With moderate damp-
ing, chaotic features persist over the simu-
lated window, but energy decays steadily

and the Poincaré section begins to cluster.
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Figure 4: Phase-space structure for k,, = 0.05: trajectories remain broad (a,b) but the Poincaré section

(c) begins to cluster relative to the undamped case.

Angles vs Time (k_m=0.3)
2.0 thetal
theta2
15
1.0
05

0.0

Angle (rad)

-0.5

-1.0

-15

0 5 10 15 20 25 30 35 40
Time (s)

(a) Angular displacements 6y (t), 6,(t).

Total Energy vs Time (k_m=0.3)

Total Energy (J)
L
G

0 5 10 15 20 25 30 35 40
Time (s)

(b) Energy relative to ¢ = 0, AE(t) (see note above).

Figure 5: Time-domain behaviour for k,, = 0.3:
rapid decay to rest within about 20 s, with en-
ergy asymptoting to the potential-energy mini-

mum.

With strong damping, the motion rapidly
loses energy and settles into a regular, de-
caying oscillation at the stable equilibrium.
Relative to the viscously damped dou-
ble pendulum [3], the magnetic damping
law used here produces a qualitatively sim-

ilar chaos-to-order transition. As empha-
sized in Section 3.3, this is expected given
the mathematical equivalence of the two
damping laws at low velocity; the prac-
tical difference is that magnetic damping
strength can be adjusted continuously and
remotely, without contact wear, which is the
property that motivates eddy-current brak-
ing in precision vibration control [7].

7.1 Learning Outcomes for Classroom
Implementation

This study supports the following learning
outcomes for undergraduate and postgrad-
uate students.

Chaos suppression. ~ Students observe
how a single tunable parameter can move
a nonlinear system from sustained chaotic
wandering to a regular trajectory.

Energy dissipation and its mechanisms.
The exercise distinguishes physical dissi-
pation from numerical drift (Section 4.1),
an important distinction in computational
physics.

Sensitivity to initial conditions. The Lya-
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Figure 6: Phase-space structure for k,, = 0.3: both phase portraits (a,b) spiral into a fixed point and

the Poincaré section (c) collapses to a small region.

Lyapunov Estimation (k_m=0.0) lambda~-0.0213

Lyapunov Estimation (k_ m=0.05) lambda~0.0032

Lyapunov Estimation (k_m=0.3) lambda~0.0006

‘‘‘‘‘‘‘

(b) K = 0.05

(€) km = 0.3

Figure 7: Log-divergence between two initially nearby trajectories, 6o = 1071 rad. Estimated slopes:

A ~ —0.0213, +0.0032, +0.0006 s ! respectively.

punov exercise gives hands-on experience
with the operational definition of chaos, in-
cluding the practical subtleties of estimating
it numerically.

Diagnostic literacy. Working through
several diagnostics side by side teaches that
no single one is sufficient alone — directly
illustrated by the disagreement between A
and the Poincaré section at k,, = 0 (Sec-

tion 6).

These map onto a two-to-three-week
computational-physics laboratory module:
week one on the Lagrangian derivation and
RK4 implementation, week two on phase-
space and Poincaré analysis, and (option-
ally) week three on Lyapunov estimation
and a parameter sweep over ky,.

7.2 Broader Significance and Design
Implications

Taken on its own, the statement “more
damping suppresses chaos” is an expected
qualitative result. The contribution we
would ask a reader to weigh is narrower
and more specific: a quantitative, multi-
diagnostic characterization of how fast and
through what phase-space route that sup-
pression occurs for a physically grounded,
remotely tunable damping mechanism, ap-
plied to a system (the double pendulum)
that is otherwise a standard chaos bench-
mark. In engineering terms, the coefficient-
to-physics link in Section 3.2 is what would
let a designer translate a target damping
strength k;,, (chosen, e.g., from Table m to
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land in the “moderate” or “strong” regime)
into a concrete magnet—-conductor specifica-
tion, in the same spirit as the eddy-current
damper design methodology of Polczytiski
et al. [7] but for a two-body, chaotic me-
chanical load rather than a single-degree-
We see this
translational link, together with the repro-

of-freedom structural mode.

ducible pedagogical package (Section 7.1),
as the most defensible claim to originality in
this paper, rather than the qualitative chaos-
suppression trend itself.

7.3 Scope, Limitations, and Robustness

We collect the scope limitations of this study
explicitly, several of which were raised in re-
view.

Damping model. As discussed in Sec-
tion 3.3, T; = —k,,0 is the low-velocity, lin-
ear limit of eddy-current damping, mathe-
matically equivalent to viscous damping; a
nonlinear, velocity-dependent k;,(6) is not
modelled. Both joints share one coefficient
kin; independent coefficients k1 # kpp
would be a straightforward but unexplored
generalization.

Idealization. The model uses point-mass
bobs and neglects arm inertia, air resistance,
and bearing friction.

Parameter-sweep  sparsity. Only
three damping values and a single
mass/length/initial-condition  configura-

tion are studied. A denser sweep (following
the energy-grid approach of Stachowiak
and Okada [5]) and a bifurcation diagram
in k;; would substantially strengthen the

quantitative claims, and are identified as
the highest-priority extension of this work.

Lyapunov reliability. Estimates are based
on a single 40 s trajectory per damping
value with one renormalization protocol
(Section 4.3); the sign at k;, = 0 should be
treated as indicative, not definitive, for the
reasons given in Section 6.

No experimental validation. This is an en-
tirely simulation-based study. Physical ap-
paratus of the kind built by Levien and Tan
[4], instrumented with a magnetic brake,
would be needed to validate the simulated
Poincaré sections and energy-decay curves
against measurement; none is presented
here.

Numerical cross-validation. We have vali-
dated the RK4 integrator against itself (time-
step halving) and against energy conserva-
tion, but not against an independent solver
family, as recommended in Section 4.3.

None of these limitations change the
qualitative, multi-diagnostic trend of Ta-
ble [1} but they do bound the precision and
generality of the quantitative claims, and we
have tried to flag each one at the point in the
paper where it is most relevant rather than
only here.

8 Conclusion

This paper presented a theoretical and nu-
merical study of a double pendulum under
magnetic damping. We derived the coupled
equations of motion including a physically
motivated eddy-current damping torque,
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reduced them to a closed-form first-order
system, and integrated them with a vali-
dated RK4 scheme.
this combination of a closed-form damped

Section 2.1 positions

Lagrangian model, a multi-diagnostic chaos
characterization across a damping sweep,
and an explicit pedagogical framework rel-
ative to the specific prior literature we re-
viewed, while Section 7.3 lists, without qual-
ification, the respects in which the present
study falls short of a fully validated, densely
sampled, experimentally confirmed treat-
ment of the system.

The most valuable next steps, in our as-
sessment, are: a fine bifurcation sweep in
ky, (rather than three discrete values) to lo-
cate the critical damping strength at which
chaos is suppressed; longer, ensemble-
averaged Lyapunov estimation; a nonlinear,
velocity-dependent eddy-current damping
law; independent-solver cross-validation;
and, most importantly, an experimental
benchtop double pendulum with a variable-
gap magnetic brake to test the simulated
predictions directly, in the spirit of Levien
and Tan [4].

A Summary of Numerical

Implementation

* Equations of motion: closed-form ma-
trix inversion of Section 3.1, evaluated
at each RK4 stage.

* Integration: fixed-step RK4, At =
0.01s, T = 40 s (validated against At =
0.005 s; Section 4.1).

120°, 6, =
—10°, w1 = wy = 0 (single configura-

e Initial conditions: 6; =

tion; see Section 7.3).

¢ Damping values studied: k&, =
0,0.05,0.3 N-m-s (y ~ 0,0.05,0.3 in

nondimensional units).

¢ Poincaré section: sampled at interpo-
lated 6; = 0 crossings (fixed sign of wy);
0, reduced modulo 27.

* Lyapunov estimation: Benettin-
type method, initial separation
6 = 107 rad, periodic renormal-
ization.

e Software:
plotlib.

Python 3, NumPy, Mat-
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