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Abstract

Reservoir computing (RC) is a machine learn-
ing framework that utilizes a nonlinear system
(often called a reservoir) to process sequential
data. In this framework, the reservoir is driven
by an input signal, and readouts from the reser-
voir are trained to generate a desired output sig-
nal. Here, we focus on the implementation of
the echo state network (ESN) of RC and demon-
strate its application for predicting chaotic time
series of two representative systems: the Lorenz
system and the logistic map. We observe that
the ESN framework accurately learns the sys-
tem'’s short-term time series while also capturing
its long-term dynamical characteristics. We pro-
vide a brief overview of the RC framework and
illustrate its potential application for time-series

forecasting

1 Introduction

Today, Artificial Intelligence (Al) is an im-
portant field of research, permeating every

scientific and technological discipline, while
also playing a significant role in our daily
lives. Remarkable progress has been made
in the field in the last few decades. Notably,
machine learning (ML), a key subset of Al,
which combines principles from computer
science and mathematics, has transformed
the idea of how we approach complex prob-
lems and harness the power of data effec-
tively. Today, ML is integrated across all ar-
eas of technology, affecting any technology
user with its applications. For example, ad-
vances in ML algorithms have significantly
enhanced natural language processing, fa-
cilitating the development of powerful lan-
guage models that are capable of generating
human-like text [1], improving web search
[2] and powering facial recognition software

[3].

Many modern ML applications em-
ploy the artificial neural networks (ANNSs)
framework to process information. Inspired
by biological neural networks (BNNs),
which represent neural connections in the
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human brain, ANNs can learn complex re-
lationships across large datasets as they
evolve. Due to the availability of ANNs to
uncover hidden patterns in data without re-
lying on manually curated features, they are
applied over a wide range of applications,
ranging from healthcare to agriculture, in-
cluding speech and image recognition, and
time series forecasting [4].

Numerous architectures of ANN have
been proposed, which are broadly classified
as feedforward neural networks (FNNs) and
recurrent neural networks (RNNs). Early
applications of NNs often assume that in-
put data samples are independent. While
this assumption is valid in many scenarios,
these networks restrict results to static, time-
independent systems and cannot effectively
process sequential data, such as time series
or texts. To address these limitations, RNNs
were used to capture the temporal depen-
dencies in the data. The feedback mecha-
nism in RNNs enables them to capture in-
formation from earlier inputs and maintain
it within a hidden state, which can then be
utilized for future predictions. Their loop-
based architecture allows learning sequen-
tial patterns. Despite the remarkable com-
putational power of RNNs for modeling se-
quential data, the RNNs training process
suffers from exploding and vanishing gra-
dients during backpropagation. This limits
the network’s ability to capture long-term
relationships within data. In the early 2000s,
fundamentally new approaches to RNNs
design were introduced independently by

Herbert Jaeger as echo state network (ESN)
[5], architecture, which consists of sparsely
connected sigmoidal response neurons ar-
ranged in a random network architecture.
Similarly in the field of computational neu-
roscience Maass introduced liquid state ma-
chines (LSM) [6]. These approaches are col-
lectively referred to as Reservoir Comput-
ing (RC) [7]. This study explores the RC
paradigm, with particular emphasis on the
ESN framework, and evaluates its perfor-
mance in forecasting nonlinear time-series
generated by two prototypical chaotic dy-
namical systems: the Lorenz system and the
logistic map.

Time-series forecasting has been ad-
dressed using a wide range of statistical,
machine learning, and deep learning ap-
proaches. Traditional statistical methods,
such as the autoregressive integrated mov-
ing average (ARIMA) model, are effec-
tive for linear and stationary time series
but often struggle to capture the nonlinear
characteristics of complex dynamical sys-
tems [8]. More recently, deep learning ar-
chitectures such as long short-term mem-
ory (LSTM) networks, gated recurrent units
(GRUs), recurrent neural networks (RNNs),
and transformer-based models have demon-
strated remarkable performance in model-
ing temporal dependencies and long-range
correlations in sequential data [9,10]. How-
ever, these methods typically require ex-
tensive training, large datasets, and signif-
icant computational resources. In contrast,

RC offers an efficient alternative by training
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only the readout layer while maintaining
competitive predictive performance, partic-
ularly for nonlinear and chaotic dynamical
systems.

2 Reservoir Computing

RC was introduced as a conceptually sim-
ple and computationally efficient alterna-
tive for training RNNs. RC is specially
designed for processing temporal and se-
quential data generated by dynamical sys-
tems. An RC architecture typically con-
sists of three main components: an in-
put layer, a reservoir layer, and an output
The

RC framework uses a fixed, randomly ini-

layer, also called the readout layer.

tialized RNN as a reservoir to produce the
complex, high-dimensional representations
of low-dimensional input data. In general,
a reservoir comprises a large network of re-
currently coupled units, such as artificial
neurons or even a physical dynamical sys-
tem. The central idea of RC is to simplify the
training of RNNs by keeping the input-to-
reservoir and reservoir internal connections
tixed after random initialization, while only
the readout layer is optimized using a re-
gression method. This significantly simpli-
ties the overall training procedure and con-
siderably reduces the computational cost of
using the RC method. The simplicity of
the training process also reduces the risk
of overfitting and mitigates the vanishing
and exploding gradient problem present in
RNN. During the training phase, the reser-

voir internal states are recorded at each time
step as the input signal drives them. These
states collectively form a dynamical fea-
tures space that encodes the input’s history.
During prediction phase, a well-trained RC
framework no longer requires the external
input data. It operates as a dynamical sys-
tem whose trajectory from a given initial
condition represents the predicted tempo-
ral evolution of the target system, initialized
with the same initial conditions.

Since its development, RC has emerged
as a powerful and versatile tool for time-
series prediction, often achieving state-of-
the-art performance on benchmark datasets.
Recently, interest in RC has increased sig-
nificantly, driven by advances in big data
and the growing need for real-time process-
ing [7]. Beyond forecasting, RC frameworks
have been applied to hidden variable esti-
mation [11], signal classification [12], learn-
ing coupling among oscillators [13} 14], pre-
dicting multistability [15], and control engi-
neering [16| [17]. In the context of nonlinear
dynamical systems, RC provides an effec-
tive approach for analyzing complex tem-
poral behavior, bridging machine learning
techniques with the mathematical founda-
tions of dynamical systems theory.

3 Echo state Network

This section introduces the ESN architecture
and its training process for time series pre-

diction.
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Figure 1: Schematic diagram of echo state network (ESN).

3.1 Architecture

ESN, a prominent RC method, has recently
attracted attention for its strong ability to
process temporal data [18]. An ESN archi-
tecture is composed of three components: an
input layer, a reservoir layer, and an output
layer. The schematic diagram of the ESN
framework is shown in Fig. IH The (low)
d-dimensional input signal is mapped into
a (high) N;.s-dimensional space through the
weighted N,¢s x d matrix Wiy, often referred
The

reservoir layer is composed of a network

to as the input connection matrix.

of Nyes neurons, characterized by Wyes, an
adjacency matrix of dimension Nyes X Npes.
The Njes-dimensional signal from the reser-
voir layer is mapped back into the lower-
dimensional output signal via the output
weighted matrix Woyt.

The internal dynamics of the reservoir
evolve according to the nonlinear state up-

date equation:

r(t+1) = (1 —a)r(t) + aF (Wiesr(t) + Wiqu(t))

(1)

Here, r(t) € RNes is a column vector
that represents the reservoir states at time ¢,
and u(t) € RY is the input data. Here F is
the activation function that introduces non-
linearity, allowing the reservoir to capture

complex temporal patterns.

Training phase : During the training
phase, the reservoir layer is excited with in-
put data u(t) for a time length from t= 0
to t = Ty, Where Ty, is the number of
data points in the training set. The internal
states of the reservoir r(t) are calculated at
each time step using Eq.[1} The column vec-
tor r(t) is collected at each time step and is
stored in a reservoir matrix R after discard-
ing a few transient time steps Tirans. Thus
R is a matrix of dimension Nyes X (Tyain —
Tirans). Notably, the initial state of column
vector r(f) is set as 0. The target data corre-
sponding to the input signal is also collected
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in a Teacn OVer the same training length af-
ter discarding the transient time steps. Now
the objective is to determine the weights in
the readout layer Wyt such that

v(t) = Woutr(t) (2)

here v(t) € R? is the predicted output

vector. The weights of Wy are obtained

to minimize the difference between Tieach-

Woutr(t) ~ 0. We apply ridge regression and

calculate the weights of the readout layer us-
ing the expression:

T -1
Wour = TeariR [R'R+BI| (3)

where f is the regularization parameter
and [ is the identity matrix.

Prediction phase : During prediction
phase the reservoir states r(t) are updated
using Eq. [I The reservoir states are col-
lected after discarding a warmup time steps
and are used to calculate output v(t) using
Eq.[2l The only difference during prediction
from training is that now the network oper-
ates autonomously such that the predicted
output is used as the input in Eq. [1} ie,,

u(t+1) = v(t).

3.2 Generation of Matrices

As seen in the previous section, during the
ESN training process, the input and reser-
voir weight matrices, Wi, and Wies, are ran-
domly initialized. We first discuss the gen-
eration of random matrix W, € IRNres X Nres

* The reservoir weight matrix Wies is
constructed by first generating an initial

matrix Wy € RNwes*Nres that represents
the connectivity between the nodes of
the reservoir.

* The entries of W, are assigned ran-
dom weights with a specified connec-
tion probability p.

* Next, the maximum absolute eigen-
value of Wy, denoted as pp, is com-
puted.

¢ Finally, the matrix is rescaled as Wyes =
pﬁOWO, ensuring that the largest absolute
eigenvalue of the matrix Wy.s is p.

Next, the input weight matrix W;, €
RNesxd jg generated such that the nonzero
elements of Wi, are sampled from a uniform
distribution in the interval [—c,c0]. In each
column of Wi, Nyes/d elements are chosen
to be nonzero in such a way that each reser-
voir node receives input from only one vari-

able of the input vector.

3.3 Hyperparameters Optimization

The ESN architecture involves several hy-
perparameters, including the spectral radius
p, the link probability p governing the reser-
voir network’s connectivity, the scaling fac-
tor of the input weight matrix o, the leakage
parameter «, and the regularization coeffi-
cient B. These hyperparameters are selected
before training and remain fixed through-
out the learning process. The values of these
hyperparameters significantly affect the pre-
dicted output; therefore, optimizing them
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before making predictions is crucial. For in-
stance, the reservoir size, or the number of
neurons in the reservoir layer N, can be
viewed as a proxy for the computational re-
sources allocated to the task. In general, in-
creasing Ny tends to improve the perfor-
mance of the ESN scheme. Similarly, «, the
leakage parameter, defines the reservoir’s
characteristic time scale. The spectral radius
p affects the memory of the reservoir. There
are several optimization strategies, such as
grid search, random search, Bayesian opti-
mization [19], and so on.

4 Time Series Prediction

To demonstrate the effectiveness of ESN for
processing temporal data, we consider time-
series prediction of the Lorenz system and
the logistic map as representative examples.
We aim to predict the time series of both the
Lorenz system and the logistic map in their
chaotic regimes. The sensitive dependence
of these systems on initial conditions makes
it difficult to accurately predict their trajec-
tories for long time intervals in a chaotic
regime [20]. Here, we focus on predicting
time series at short time steps while repro-
ducing the attractor over longer times.

4.1 Lorenz system

The Lorenz system is one of the most well-
known chaotic systems in nonlinear dynam-
ics. It was originally introduced by Edward
Lorenz while studying atmospheric convec-

tion [21]. The extreme sensitivity of the

system to its initial condition gives rise to
the well-known concept of the butterfly ef-
fect, where even small differences at the start
can lead to significantly different trajectories
over time. The Lorenz system is governed

by the following set of ordinary differential

equations
dx
m =0y(y —x),
d
= =x(pi-2)-v, @
dz
I = xy — Bz,

where 07, p;, and B; are system param-
eters. In a chaotic regime, the commonly
used parameter values in the Lorenz system
are 0y = 10, p; = 28, and B; = 8/3. The
Lorenz system in Eq. (4) is numerically inte-
grated using the fourth-order Runge-Kutta
method with time step of dt = 0.01. The
original time series of the variables (x,y,z)
of the Lorenz system are shown in Fig. 2] as
a solid line (blue). The corresponding phase
space in (x, z) plane is also plotted in Fig.
using a solid line (blue).

In order to predict the time series of the
Lorenz system, we use the ESN architecture.
The input data, consisting of the Lorenz sys-
tem variables u(t) = [(x(¢),y(t),z(t))], is se-
quentially fed into the reservoir for T, =
50000 time steps. At each training step, the
reservoir state is updated using Eq. [1} and
the resulting reservoir states are collected in
the reservoir matrix R after discarding a few
transient steps (Tyqns = 100). The com-
plete training procedure of the ESN is de-
scribed in Sec. 3l The corresponding target
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Figure 2: Time series of real (solid blue line) and
predicted (dashed red line) Lorenz system vari-
ables.

data is also collected in the matrix Tieach
over the same training interval after dis-
carding the transient. The readout weights
W, are then optimized. Once the train-
ing is completed, the trained reservoir is
used to predict the target output v(t) us-
ing Eq. This predicted output vector
v(t), consisting of the predicted state vari-
ables of the Lorenz system, is then fed back
into the reservoir as the next input, enabling
the reservoir to generate future time-series
values autonomously. The predicted and
original time series of the Lorenz system
are presented in Fig. Fig. [3 shows the
predicted and original phase space of the
We observe that
the short-term predictions are highly accu-

chaotic Lorenz attractor.

rate, while the system’s long-term behavior

45t

N 25

-15 0 15

Figure 3: Phase portrait of real (solid blue line)
and predicted (dashed red line) Lorenz attractor.

remains well-preserved. The hyperparame-
ters for this case are [Nyes = 500, « = 0.75,
p=038,p=>50 =027 p=0.01].

4.2 Logistic map

The Logistic map is one of the simplest and
most widely studied discrete-time chaotic
systems in nonlinear dynamics. It was orig-
inally introduced as a mathematical model
for population growth [22]. The logistic map
is defined by the following nonlinear differ-

ence equation

x(t+1) =ax()(1-x(t),  ©O)

where x(t) represents the state variable
at discrete time step t, and a is the control pa-
rameter that determines the dynamical be-
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Figure 4: The bifurcation diagram of the logistic
map. The solid black vertical line indicates the

parameter value a = 3.9.

havior of the system. The time series of the
logistic map is generated using Eq. 7| start-
ing from an initial condition x(0). The orig-
inal bifurcation diagram for parameter val-
ues a € [2.8,4.0] is plotted in Fig. 4} illustrat-
ing the well-known period-doubling behav-
ior. For certain parameter values, such as
a = 3.9, the system exhibits chaotic dynam-
ics, as indicated by the vertical solid black
line in Fig. |4l The corresponding time series
(x(1),x(2),x(3),..

ated from an initial condition x(0) is plotted

.,x(t)) ata = 3.9 gener-

in Fig. [5|using a solid line (blue).

We now employ the ESN architecture to
predict the time series of the logistic map.
The input data consists of the state variable
of the logistic map u(t) = [x(t)], is sequen-
tially fed into the reservoir for Tj,;;, = 50000
times steps. At each training step, the reser-
voir state is updated using Eq. [1} and the
resulting reservoir states are collected after
discarding Ttrans = 100 time steps. The cor-
responding target data is also collected in

Figure 5: Time series of real (solid blue line) and
predicted (dashed red line) logistic map.

the matrix Tieach OVer the same training in-
terval after discarding the transient. Once
the training process is completed, the op-
timized readout weights Wyt are used for
prediction. During the prediction phase, the
predicted output vector v(t), consisting of
the state variable of the logistic map (x(f)),
is fed back into the reservoir as the next in-
put, allowing the reservoir to autonomously
generate future time-series values of the lo-
gistic map. The predicted and original time
series of the logistic map are presented in
Fig. 5l The hyperparameters for this case
are [Nyes = 200, « = 1.0, p = 0.8, p = 50,
o =027, =0.01].

5 Conclusion

This study presents a pedagogical introduc-
tion to ML where the fundamental concepts
of RC are introduced, an ML framework,
with particular emphasis on the ESN archi-
tecture. The work explains the structure of
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ESN and the training procedure. To demon-
strate the approach’s effectiveness in pre-
dicting sequential data, a time-series predic-
tion task is performed on two chaotic sys-
tems: the Lorenz system and the logistic
map. We show that ESN can accurately pre-
dict short-term behavior while preserving
the long-term dynamics of the systems. The
ESN algorithm for time series prediction is
also provided in the appendix Sec. 6|

Recently, there has been an increasing
interest in incorporating physical knowl-
edge of the system into ML architectures to
improve prediction accuracy. Such frame-
works are commonly referred to as physics-
informed neural networks (PINNs). Moti-
vated by this concept, the prediction capa-
bilities of the standard RC approach can also
be enhanced by incorporating a physics-
informed model. This approach is referred
to as physics-informed RC (PIRC) [23)] 24].
In addition, another branch of RC has re-
cently gained significant attention, as it
leverages the physical properties and dy-
namics of a system as a computational sub-
strate. This approach is known as physical
RC (PRC) [25}26]. Given the rapid growth of
ML, this work offers a clear, accessible intro-
duction to applying ML techniques to time
series prediction.

6 Appendix

ESN algorithm for time-series prediction.

1: Input data: Collect training data u(t) for

t =1 — Tyaiy from model system.
2: Generate Wy, € RNresxd
3: Generate Wyes € IRNres X Nres

4: Training phase
fort = 1to Tyuin
r(t) = (1 — a)r(t — 1) +
atanh(Wyest(f — 1) + Wiqu(t))
store r(t)

in matrix R
end for

5: Construct teacher matrix Tye,cn that con-
tains target signal

6: Learning readout layer weights
Wout = TteachR(RTR + ;Bl)il

7: Prediction phase

Put u(t) = u(Tain) and run reservoir
fort =110 Tpyeq

r(t) = (1 —a)x(t—1) +
atanh(Wyest(t — 1) + Wi v(t))
where v(t) = Wouer(t)
end for

Code Availability

The Python implementation of
the ESN framework presented in
this work is openly available at

https://github.com/2024phdphy004-
bot/Reservoir-Computing-for-Time-
Series-Prediction.git| to facilitate repro-
ducibility and further research.
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