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Bridging Physical Laws and Machine Intelligence: Physics-Informed Neural

Networks in Research and Pedagogy

A Preface to the Special Issue on Physics-Informed Neural Networks (PINNs)

In recent years, the convergence of computational physics and artificial intelligence has given rise to a transformative paradigm:

Physics-Informed Neural  Networks (PINNs).  By embedding fundamental  physical  principles—such as conservation laws,  non-

linear partial differential equations (PDEs), and boundary conditions—directly into the loss function of deep neural architectures,

PINNs bridge the traditional  divide between purely data-driven machine learning and physics-based analytical  modeling.  This

Special Issue of the Journal of Physics Education (Vol. 40, ICTRIBT 2026/Special Issue/1) brings together a compelling collection

of  eight  research  articles  showcasing  the  pedagogical,  conceptual,  and  practical  application  of  PINNs  across  diverse  physics

domains.

Core Theme: Incorporating mathematical conservation laws into deep learning frameworks not only regularizes neural network

training but also provides highly intuitive computational tools for physics education and research.

HIGHLIGHTS OF THE SPECIAL ISSUE

The contributed manuscripts in this volume span key disciplines in theoretical, computational, and applied physics, illustrating the

versatility of the PINN paradigm:

1. Quantum Mechanics  & Wave Equations: Quantum systems provide a  fertile  ground for  PINN applications.  Thakur and

Awasthi demonstrate  the  solution of  the  time-independent  Schrödinger  equation for  double-well  potentials  in  quantum plasma

systems  (pp.  1–8).  Complementing  this,  Walia  and  Awasthi explore  the  time-dependent  Schrödinger  equation  for  harmonic

oscillators while extracting the Bohm quantum potential (pp. 1–12). Furthermore,  Saklani and Awasthi apply PINNs to solve the

Woods-Saxon potential  to elucidate the shell  structure of  
40

Ca (pp. 1–8),  and  Kanika et al. determine the ground state of the

hydrogen atom (pp. 1–8).

2. Molecular Dynamics & Nuclear Physics: Expanding beyond fundamental wave equations,  Kashyap et al. employ PINNs to

determine the vibrational energy levels of the HCl molecule (pp. 1–7), highlighting molecular spectroscopy applications. In nuclear

physics,  Anjali and Awasthi utilize PINNs to estimate the coefficients of the Semi-Empirical Mass Formula (SEMF) (pp. 1–10),

offering a fresh computational perspective on nuclear binding energy.

3. Thermal & Differential Systems: Addressing fundamental transport phenomena, Rathore et al. present a PINN-based numerical

formulation for the classic heat equation (pp. 1–10). In a broader mathematical context, Sharma et al. establish general frameworks

for learning solutions of coupled differential equations using physics-informed architectures (pp. 1–6).

EDUCATIONAL SIGNIFICANCE & OUTLOOK

Beyond their numerical efficacy, PINNs hold tremendous potential for physics pedagogy. They empower students and researchers to

explore non-linear, multi-dimensional, and inverse problems that were previously intractable using standard introductory software.

By demystifying deep learning through the lens of physical conservation laws, this special issue serves both as a milestone in

computational research and a practical roadmap for modernizing physics education curricula.
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Abstract

The time-independent Schrödinger equation

plays a fundamental role in describing quantum

tunneling phenomena in systems governed by

double-well potentials, which arise naturally

as e!ective potentials in quantum plasma

environments due to external fields and con-

finement e!ects. In this work, we employ

Physics-Informed Neural Networks (PINNs) to

solve one-dimensional Schrödinger equation for

a symmetric double-well potential and obtain

accurate ground and low-lying excited state

solutions. The fully connected neural networks

is used to obtain the wavefunctions, while the

energy eigenvalues are treated as trainable

parameters and determined through the mini-

mization of a composite loss function enforcing

the governing di!erential equation, boundary

conditions, normalization, and orthogonality

constraints. Even and odd-parity network archi-

tectures are used to directly capture symmetric

and antisymmetric eigenstates. The PINNs

results are validated against finite-di!erence

matrix diagonalization technique, showing

good agreement for the lowest energy levels

and correctly reproducing the near-degeneracy

caused by quantum tunneling between the wells.

These results demonstrate that PINNs provide

a flexible, accurate, and mesh-free alternative

to conventional numerical techniques, making

them well suited for modeling tunneling phe-

nomena and e!ective quantum potentials in

plasma-related systems.

1 Introduction

The time-independent Schrödinger equa-
tion plays a central role in quantum mechan-
ics, governing the bound-state structure and
tunneling dynamics of microscopic systems
[1]. Among the class of exactly nontrivial
quantum potentials, the symmetric double-
well potential [2] occupies a distinguished
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position due to its relevance in molecular in-
version phenomena [3], quantum tunneling
[4, 5], energy-level splitting [6] and plasma-
modified quantum confinement [7]. In
plasma environments, screening effects and
collective interactions substantially modify
the effective potential landscape, leading to
rich quantum behavior that demands accu-
rate and flexible computational approaches
[8].

Traditionally, the Schrödinger equation
for double-well systems has been solved us-
ing numerical techniques such as finite dif-
ference schemes, matrix mechanics [2], spec-
tral methods [9], and shooting algorithms
[10]. While these methods are well estab-
lished and reliable, they often require dense
spatial grids, careful treatment of boundary
conditions, and repeated eigenvalue solvers
to extract multiple states. Moreover, extend-
ing these approaches to plasma-modified
or parameter-dependent potentials signif-
icantly increases computational cost and
complexity [7].

In recent years, Physics-Informed Neu-
ral Networks (PINNs) have emerged as
a powerful mesh-free framework for solv-
ing differential equations by embedding the
governing physical laws directly into the
training process of neural networks [11].
Unlike purely data-driven models, PINNs
incorporate the Schrödinger equation as a
soft constraint through automatic differen-
tiation, enabling the simultaneous learning
of wavefunctions and energy eigenvalues
without discretizing the spatial domain [12].

This paradigm offers key advantages, in-
cluding continuous representations of solu-
tions, natural enforcement of physical con-
straints, and scalability to complex or pa-
rameterized potentials.

In this work, we employ the PINNs
framework to solve the one-dimensional
time-independent Schrödinger equation for
a symmetric double-well potential relevant
to quantum plasma systems. By explicitly
incorporating parity symmetry, normaliza-
tion, and orthogonality conditions into the
loss function, the proposed approach ac-
curately captures tunneling-induced near-
degeneracy and reproduces low-lying en-
ergy eigenstates. The results demon-
strate that PINNs provide an efficient and
flexible alternative to traditional numeri-
cal solvers, particularly suited for plasma-
modified quantum systems where adapt-
ability and physical consistency are essen-
tial.

2 Methodology

The present study is based on the time-
independent Schrödinger equation describ-
ing a quantum particle moving in an effec-
tive one-dimensional potential [13],

→ h̄2

2m
d2ψ(x)

dx2 + V(x)ψ(x) = Eψ(x), (1)

where ψ(x) is the stationary wavefunction,
E denotes the energy eigenvalue, and V(x)
represents the external potential [1]. In or-
der to reduce the number of free physical
parameters and improve numerical stability,

ICTRIBT 2026/Special Issue/1 2 www.physedu.in



Physics Education

the equation is expressed in dimensionless
form by adopting atomic units h̄ = 1 and
m = 1. This leads to

→1
2

d2ψ(x)
dx2 + V(x)ψ(x) = Eψ(x). (2)

Choice of Potential

To model tunneling and level splitting phe-
nomena relevant to quantum plasma sys-
tems, we consider a symmetric double-well
potential of the form [14]

V(x) = (ax2 → b2)2 (3)

where the parameters a and b control the
curvature of the wells and the barrier height,
respectively. This quartic form naturally
produces two equivalent minima separated
by a finite barrier and is widely used to
study tunneling-induced near-degeneracy
in bound states [15]. In the present work, the
parameters are chosen as a = 1 and b = 1.5,
ensuring well-separated minima and a finite
tunneling probability for low-lying states.

Physics-Informed Neural Networks

(PINNs) Framework

Within the Physics-Informed Neural Net-
work (PINNs) framework [16], the wave-
function ψ(x) is approximated by a fully
connected neural network N (x; θ) [17],
where θ denotes the trainable parameters.
Unlike conventional numerical solvers, the
energy eigenvalues are treated as indepen-
dent trainable parameters and learned si-
multaneously with the wavefunctions.

To explicitly enforce the parity symme-
try of the double-well potential, separate
neural architectures are employed for even
and odd eigenstates [18], defined as

ψeven(x) = N (x) +N (→x),

ψodd(x) = N (x)→N (→x).
(4)

This construction ensures that the learned
eigenfunctions possess the correct sym-
metry properties without additional con-
straints.

Figure 1: Workflow of the Physics-Informed
Neural Network (PINNs) for solving the
one-dimensional Schrödinger equation.The
neural network approximates the wave-
function ψ(x) while the energy E is treated
as a trainable parameter, optimized using
the ADAM optimizer by minimizing the to-
tal loss.
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Loss Function and Training

The physics-informed neural network
(PINNs) [19] is trained by minimizing a
composite loss function that enforces the
governing Schrödinger equation along with
the physical constraints of the quantum
system. The total loss is defined as

L = LPDE + εBC LBC + εNorm LNorm+

εOrth LOrth,
(5)

where the physics loss term enforces the
time-independent Schrödinger equation
and is given by

rn(x) = →1
2

d2ψn(x)
dx2 +V(x)ψn(x)→Enψn(x)

(6)

LPDE =
1

Nc

Ns→1

∑
n=0

Nc

∑
i=1

|rn(xi)|2 (7)

The boundary condition loss ensures
the wavefunctions vanish at the domain
boundaries and is expressed as

LBC =
1

Ns

Ns→1

∑
n=0

(
|ψn(→L)|2 + |ψn(L)|2

)
.

(8)
To guarantee physical admissibility, the nor-
malization loss enforces unit norm of each
eigenstate,

LNorm =
1

Ns

Ns→1

∑
n=0

∣∣∣∣
∫ L

→L
|ψn(x)|2 dx → 1

∣∣∣∣
2

,

(9)
while the orthogonality loss ensures mu-
tual orthogonality between distinct eigen-

functions,

LOrth =
1

Ns(Ns → 1)

Ns→1

∑
m,n=0
m ↑=n

∣∣∣∣
∫ L

→L
ψm(x)ψn(x) dx

∣∣∣∣
2

.

(10)
The weighting parameters εBC, εNorm, and
εOrth control the relative importance of each
constraint during training. Equal weights
εBC = εNorm = εOrth = 10 are used
throughout the training.

The neural network consists of two hid-
den layers with 64 neurons each and hy-
perbolic tangent (tanh) activation functions.
Training is performed using the Adam opti-
mizer [20] with a learning rate of 10→3 over
104 epochs. Uniform collocation points are
employed over the spatial domain, and au-
tomatic differentiation [21] is used to com-
pute the second-order spatial derivatives.

3 Results and Discussion

The Physics-Informed Neural Network
(PINNs) framework was applied to solve
the time-independent Schrödinger equation
for a symmetric double-well potential [22].
The model employed two hidden layers
with 64 neurons each, using smooth acti-
vation functions to ensure differentiability
of the wavefunction. Equal weights were
assigned to the normalization, orthogo-
nality, and boundary condition loss terms
(εNorm = εOrth = εBC = 10), and the
network was trained for 104 epochs for the
three lowest eigenstates (n = 0, 1, 2).
The convergence behaviour of the energy
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eigenvalues during training indicates sta-
ble and systematic learning. As training
progresses, the total loss reduces by nearly
three orders of magnitude, reflecting the si-
multaneous enforcement of the Schrödinger
equation, boundary conditions, normal-
ization, and orthogonality constraints.
The final PINN-predicted energies are
summarized below:

Table 1: Comparison of FD and PINN en-
ergy eigenvalues.

State EFD(hartree) EPINN(hartree)
n = 0 1.9705 1.9709
n = 1 2.0123 2.1500
n = 2 4.9079 4.9087

The ground state (n = 0) and second
excited state (n = 2) energies obtained via
PINNs are in excellent agreement with the
finite difference (FD) results, with relative
deviations below the percent level. The first
excited state (n = 1) shows a comparatively
larger deviation, which can be attributed
to the increased sensitivity of higher-energy
states to orthogonality enforcement and loss
balancing during training. The Schrödinger
equation is solved in dimensionless natural
units by setting h̄ = 1 and m = 1, so the
computed eigenvalues are energies in natu-
ral units that is the hartree (Ha).
The predicted wavefunctions using PINNs
is compared with those obtained using the
finite difference (FD) method as shown in
figure 2. The excellent agreement in both
amplitude and spatial structure demon-
strates that the PINNs accurately captures

Figure 2: Comparison of eigenfunctions ob-
tained using the Physics-Informed Neural
Network (PINNs) and the Finite Difference
(FD) method for the first three quantum
states of the symmetric double-well poten-
tial. Solid colored curves represent PINNs
solutions, while black dashed, dash-dotted,
and dotted curves correspond to FD solu-
tions for the ground, first excited, and sec-
ond excited states respectively.

the nodal structure and tunnelling be-
haviour across the potential barrier. In par-
ticular, the smooth penetration of the wave-
functions into the classically forbidden re-
gion clearly illustrates quantum tunnelling,
a hallmark feature of the double-well sys-
tem.

The PINNs predicted low-lying eigenstates
superimposed on the symmetric double-
well potential is illustrated in figure 3. The
wavefunctions are vertically shifted by their
corresponding energy eigenvalues for clar-
ity. The ground state ψ0 exhibits even par-
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Figure 3: PINNs-computed eigenstates su-
perposed on the symmetric double-well po-
tential. The nonzero amplitude of the wave-
functions within the barrier region confirms
quantum tunneling and results in a small
energy splitting between the lowest two
states.

ity with a finite amplitude at the center of
the barrier, indicating strong tunnelling be-
tween the two wells [23]. The first excited
state ψ1 is antisymmetric, with a node at
the center, as required by parity symme-
try, while still displaying appreciable pene-
tration into the classically forbidden region.
The second excited state ψ2 shows reduced
tunnelling and increased localization within
individual wells due to its higher energy.

The small energy separation between
ψ0 and ψ1 reflects the lifting of degeneracy
caused by quantum tunnelling through the
finite potential barrier. This splitting would
vanish in the limit of an infinitely high bar-
rier, corresponding to fully localized states.
The smooth and physically consistent be-
haviour of all eigenstates demonstrates the

ability of the PINN framework to cap-
ture subtle quantum effects such as parity
symmetry, tunnelling, and near-degeneracy
without explicit basis construction or grid
discretization.

An important physical feature of the
symmetric double-well potential is the
near-degeneracy of the ground and first
excited states [22]. In the limit of an in-
finitely high barrier, these states would
be exactly degenerate, corresponding to
states localized in the left and right wells.
However, due to finite barrier height,
tunnelling lifts this degeneracy, resulting
in a small energy splitting between the
symmetric (even-parity) ground state and
the antisymmetric (odd-parity) first excited
state [24]. The PINN framework success-
fully captures this splitting, confirming its
ability to resolve subtle quantum effects
arising from wavefunction overlap across
the barrier. This agreement also validates
the parity-constrained network design used
for the low-lying eigenstates.

Overall, these results demonstrate that
PINNs provide a robust and flexible alter-
native to traditional numerical techniques
[2, 10] such as finite difference and matrix
mechanics methods. Unlike grid-based ap-
proaches, PINNs yield smooth, analytical
representations of eigenfunctions, naturally
incorporate physical constraints, and scale
efficiently to higher-dimensional and more
complex quantum systems.
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4 Conclusion:

PINNs accurately solved the double-well
Schrödinger problem using physics-based
loss constraints and no spatial grid. The
method reproduced eigenstates, tunnel-
ing behavior, and energy splitting in
good agreement with finite-difference re-
sults, showing that PINNs are an effi-
cient and flexible tool for quantum poten-
tial problems. However the present for-
mulation assumes a one-dimensional, time-
independent system and neglects explicit
many-body and relativistic effects.
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[6] Csaba Fábri, Roberto Marquardt, At-
tila G. Császár, and Martin Quack.
Controlling tunneling in ammonia iso-
topomers. The Journal of Chemical
Physics, 150(1):014102, 2019.

[7] Madhulita Das, B. K. Sahoo, and S. Pal.
Plasma-screening effects on the elec-
tronic structure of multiply charged al
ions using debye and ion-sphere mod-
els. Physical Review A, 93:052513, 2016.

[8] J. C. Stewart and K. D. Pyatt. Lower-
ing of ionization potentials in plasmas.
The Astrophysical Journal, 144:1203–
1211, 1966.

[9] John P. Boyd. Chebyshev and Fourier
Spectral Methods. Dover, 2 edition, 2001.

ICTRIBT 2026/Special Issue/1 7 www.physedu.in



Physics Education

[10] William H. Press, Saul A. Teukolsky,
William T. Vetterling, and Brian P. Flan-
nery. Numerical Recipes: The Art of Scien-
tific Computing. Cambridge University
Press, 3 edition, 2007.

[11] Haojie Jin, Marios Mattheakis, and
Pavlos Protopapas. Solving quantum
eigenvalue problems using physics-
informed neural networks. Neural Net-
works, 134:105–117, 2021.

[12] Soumyadip Sarkar. Physics-informed
neural networks for one-dimensional
quantum well problems. arXiv preprint
arXiv:2504.05367, 2025.

[13] J. J. Sakurai and Jim Napolitano. Mod-
ern Quantum Mechanics. Cambridge
University Press, 2 edition, 2017.

[14] Sidney Coleman. Aspects of Symmetry:
Selected Erice Lectures. Cambridge Uni-
versity Press, 1985.

[15] A. M. Dyugaev and P. D. Grigoriev.
Modeling of double-well potentials for
the schrödinger equation. Journal
of Experimental and Theoretical Physics,
137(1):17–22, 2023.

[16] F. Marsiglio. The harmonic oscillator
in quantum mechanics: A third way.
American Journal of Physics, 77(3):253–
258, 2009.

[17] Ian Goodfellow, Yoshua Bengio, and
Aaron Courville. Deep Learning. MIT
Press, 2016.

[18] R. Shankar. Principles of Quantum Me-
chanics. Springer, 2 edition, 1994.

[19] Maziar Raissi, Paris Perdikaris, and
George E. Karniadakis. Physics-
informed neural networks: A deep
learning framework for solving for-
ward and inverse problems involv-
ing nonlinear partial differential equa-
tions. Journal of Computational Physics,
378:686–707, 2019.

[20] Diederik P. Kingma and Jimmy Ba.
Adam: A method for stochastic op-
timization. International Conference on
Learning Representations (ICLR), 2015.

[21] Atilim Gunes Baydin, Barak A. Pearl-
mutter, Alexey Andreyevich Radul,
and Jeffrey Mark Siskind. Automatic
differentiation in machine learning: a
survey. Journal of Machine Learning Re-
search, 18(153):1–43, 2018.

[22] Yi-Qiang Wu, Xuan Liu, Hanlin Li,
and Fuqiang Wang. Energy-embedded
neural solvers for one-dimensional
quantum systems. arXiv preprint
arXiv:2505.24194, 2025.

[23] Danilo F. Schafaschek, Giovani L. Vas-
concelos, and Antônio M. S. Macêdo.
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Abstract

Physics-Informed Neural Networks (PINNs)

o!er an e!ective framework for solving partial

di!erential equations by incorporating governing

physical laws into the learning process. When

applied to quantum mechanical di!erential

equations such as the Schrödinger equation,

this approach produces smooth wavefunctions

suitable for computing both conventional

observables and Bohmian quantities. In this

work, a PINNs based framework is developed

to solve the one-dimensional time-dependent

Schrödinger equation for the Quantum Har-

monic Oscillator, a fundamental model with

broad relevance in quantum and plasma physics.

A fully connected neural network is used to

represent the real and imaginary parts of the

wavefunction, with the Schrödinger equation

enforced through the loss function together

with appropriate initial and boundary condi-

tions. Automatic di!erentiation is employed

to compute the required derivatives and to

extract physical quantities from the learned

solution. The method accurately reproduces

the ground-state wavefunction and yields a

ground-state energy in agreement with the

analytical result. The Bohm quantum potential

obtained from the network also matches the

corresponding analytical expression, demon-

strating that the essential spatial structure of

the quantum amplitude is well captured. These

results demonstrate that PINNs constitute a

reliable and conceptually transparent framework

for solving the time-dependent Schrödinger

equation. Within this di!erential equation

based setting, PINNs also enable systematic

exploration of Bohmian aspects of quantum

systems, where Bohmian quantities such as

the quantum potential provide physical insight

into confinement e!ects and the emergence of

e!ective potentials.
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1 Introduction

The time-dependent Schrödinger equation
(TDSE) plays a central role in quantum me-
chanics, governing the dynamical evolution
of quantum systems [1]. It governs the
evolution of quantum systems within the
framework of non-relativistic quantum me-
chanics. Considering a particle of mass m
in an external potential V(x), its dynamics
are governed by the one-dimensional time-
dependent Schrödinger equation

ih̄
∂ψ(x, t)

∂t
=

[
→ h̄2

2m
∂2

∂x2 + V(x)

]
ψ(x, t),

(1)
Here, ψ(x, t) represents the system’s com-
plex wavefunction, and the probability of lo-
cating the particle at position x and time t
is given by |ψ(x, t)|2. Once the wavefunc-
tion is known, physical observables such
as expectation values of position, momen-
tum, and energy can be calculated [2]. The
TDSE is required for describing a wide
range of quantum phenomena, including
wave-packet evolution, quantum tunnel-
ing, bound-state dynamics, and interactions
with time-dependent external fields [3]. It
provides a complete mathematical descrip-
tion of how quantum states change with
time and is therefore essential in areas such
as atomic and molecular physics, condensed
matter physics, quantum optics, and plasma
physics [4] . Accurate solutions of the TDSE
are necessary for both theoretical investi-
gations and practical applications involving
quantum systems.

Only a limited number of idealized po-
tentials admit analytical solutions of the
TDSE, among them the free particle [5] ,
infinite well [6] , and harmonic oscillator
[7]. Among these systems, the quantum
harmonic oscillator (QHO) is of particular
importance due to its wide applicability as
an approximation for physical systems near
equilibrium and its central role in quan-
tum theory [8] . Analytical solutions of the
harmonic oscillator provide closed-form ex-
pressions for energy eigenvalues and wave-
functions and serve as reliable reference re-
sults. Nevertheless, current research focuses
not only on reproducing such solutions but
also on developing methodologies that re-
main effective for systems lacking analytical
solutions.

In this context, the QHO serves as an
important benchmark problem. Its well-
known exact solution allows direct val-
idation of alternative computational ap-
proaches, enabling quantitative assessment
of accuracy, stability, and physical consis-
tency before extending these methods to
more complex or analytically intractable
systems.

To treat systems beyond analytical
reach, several numerical methods have been
developed for solving the TDSE, including
finite-difference [9] , spectral and pseudo-
spectral schemes [10] , split-operator tech-
niques [11] , and implicit methods such as
the Crank Nicolson approach [12] . Al-
though traditional numerical methods have
been successfully applied to many quantum
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systems, they rely on explicit discretization
of space and time using fixed grids. This de-
pendence can increase computational cost,
particularly for higher-dimensional prob-
lems, and may lead to numerical stability
issues or the accumulation of errors during
long-time evolution [13] . As a result, there
is growing interest in alternative solution
approaches that can provide smooth and ac-
curate representations of quantum dynam-
ics while reducing reliance on discretization.

To address these challenges, we em-
ploy Physics-Informed Neural Networks
(PINNs) [14] , which allow us to approx-
imate the wavefunction continuously over
space and time without relying on fixed
grids. PINNs incorporate the underlying
physical laws, such as the Schrödinger equa-
tion, directly into the loss function, en-
suring that the neural network solutions
respect the governing quantum dynamics
while enabling efficient and flexible compu-
tation [14] .

Until now, PINNs have been widely
used to solve classical and quantum par-
tial differential equations like the time-
independent Schrödinger equation (TISE)
and other evolution equations, where the
neural network is trained to minimize the
residuals of the governing equations across
the computational domain [14] . By rep-
resenting the solution as a neural network,
we can evaluate it at any point in space
and time, avoiding grid-based discretization
and achieving a smooth and differentiable
approximation. In this work, we extend

the PINNs approach to solve the TDSE, en-
abling direct simulation of quantum dynam-
ics and the evolution of wavefunctions in
time, which is crucial for understanding dy-
namical processes in quantum systems.

Therefore, PINNs are employed in this
work to solve the TDSE, using the QHO as
a test system. The QHO is chosen not be-
cause its solution is unknown, but because
it is a simple and well-understood system.
Since its exact analytical solution is avail-
able, it provides a clear reference that allows
new solution approaches to be tested and
validated against known results before be-
ing extended to more complex quantum sys-
tems.

2 Methodology

To model the time evolution of quantum
systems, we consider the TDSE. In this
work, a one-dimensional QHO is selected
as the physical system, where the external
potential is well defined and analytically
known. For an efficient neural-network-
based treatment, the complex-valued wave-
function is decomposed into its real and
imaginary parts, allowing the TDSE to be
rewritten as a set of coupled real-valued par-
tial differential equations. PINNs are then
employed to approximate these components
by embedding the governing equations to-
gether with the initial and boundary condi-
tions directly into the learning framework.

The time evolution of the quantum sys-
tem is described using the one-dimensional
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TDSE .

ih̄
∂ψ(x, t)

∂t
= → h̄2

2m
∂2ψ(x, t)

∂x2 + V(x)ψ(x, t),
(2)

where ψ(x, t) is the complex-valued wave-
function and V(x) denotes the external po-
tential.

In this work, we consider the QHO po-
tential,

V(x) =
1
2

mε2x2, (3)

which serves as a simple and well-
understood test system with an exact
analytical solution.

For numerical convenience and im-
proved training stability, the equation is ex-
pressed as dimensionless form by setting
h̄ = 1 and m = 1. The TDSE then reduces
to[15]

i
∂ψ(x, t)

∂t
= →1

2
∂2ψ(x, t)

∂x2 +
1
2

ε2x2ψ(x, t).
(4)

Since neural networks operate on real-
valued functions, the complex wavefunc-
tion is decomposed as

ψ(x, t) = u(x, t) + i v(x, t), (5)

where u(x, t) and v(x, t) are the real and
imaginary components, respectively. Substi-
tuting this form into the TDSE yields the fol-
lowing coupled system of real-valued equa-
tions [13]:

∂u
∂t

+
1
2

∂2v
∂x2 → 1

2
ε2x2v = 0, (6)

∂v
∂t

→ 1
2

∂2u
∂x2 +

1
2

ε2x2u = 0. (7)

The problem is defined within a finite
space–time region.

x ↑ [→L, L], t ↑ [0, T], (8)

where L and T are chosen sufficiently large
to ensure that boundary effects do not influ-
ence the solution within the region of inter-
est. This bounded domain is required for
the effective implementation of PINNs, as it
enables stable evaluation of the governing
equation residuals and consistent enforce-
ment of physical constraints throughout the
computational region.

Initial condition is

ψ(x, 0) = ψ0(x), (9)

which corresponds to

u(x, 0) = ↓[ψ0(x)], v(x, 0) = ↔[ψ0(x)].
(10)

Homogeneous boundary conditions are im-
posed as

ψ(→L, t) = ψ(L, t) = 0, (11)

ensuring confinement and numerical stabil-
ity.

The Physics-Informed Neural Network
approximates the functions u(x, t) and
v(x, t) by minimizing a composite loss func-
tion defined as

L = LPDE + ϱIC LIC + ϱBC LBC, (12)

where LPDE enforces the TDSE residuals,
while LIC and LBC impose the initial and
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boundary conditions.The weighting param-
eters ϱIC and ϱBC regulate the relative im-
portance of the initial and boundary con-
dition constraints in the total loss function.
Since different loss components may have
different scales and convergence behaviors,
these weights help balance the optimiza-
tion process and prevent any single term
from dominating the training [16] . Appro-
priate weighting improves numerical stabil-
ity and convergence, and ensures that the
learned solution simultaneously satisfies the
governing differential equation and the pre-
scribed physical conditions.
Within this bounded space-time domain, the
solution of the governing equations is ap-
proximated using a Physics-Informed Neu-
ral Network. The PINNs framework en-
ables the continuous representation of the
wavefunction by embedding the TDSE and
the associated constraints directly into the
learning process.

To solve the governing equations
within the defined space-time domain, we
employ a framework which enables a mesh
free solutions of partial differential equa-
tions by embedding physical constraints
within the training process. Here, a PINNs
is developed to model the real and imag-
inary parts of the quantum wavefunction
over the full space–time domain.

The spatial and temporal coordinates
(x, t) are used as inputs to the network,
which outputs the real and imaginary com-
ponents of the wavefunction, u(x, t) and
v(x, t).Automatic differentiation is used to

compute the required spatial and temporal
derivatives, which are then substituted into
the governing differential equations to eval-
uate the physics-based residuals. The total
loss function is constructed by combining
the differential equation loss with the losses
corresponding to the initial and boundary
conditions. By minimizing this total loss, the
network parameters are optimized such that
the predicted solution satisfies both the gov-
erning physical laws and the imposed con-
straints across the entire space-time domain.

2.1 Model Architecture and Training

Setup

This section describes the network architec-
ture and training configuration used in the
PINNs framework. These choices determine
the expressive capacity of the model, numer-
ical stability, and convergence behavior dur-
ing training.

The PINN employed in this work is
implemented as a fully connected feedfor-
ward neural network designed to approxi-
mate the real and imaginary components of
the quantum wavefunction.

• Network architecture: A fully con-
nected feedforward neural network
with three hidden layers, each contain-
ing 50 neurons.

• Fully connected network: A fully
connected feedforward neural network
is used, where each neuron is con-
nected to all neurons in the next layer.
This structure enables the learning of
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Figure 1: Architecture of a Physics-Informed Neural Network (PINNs).
[17]

smooth, nonlinear mappings required
for enforcing the governing physical
equations within the PINNs framework
[14].

• Activation function: The hyperbolic
tangent (tanh) activation function is
used in all hidden layers to ensure
smooth approximations of the wave-
function and its derivatives.

• Input variables: Spatial and temporal
coordinates (x, t).

• Output variables: The real and imagi-
nary components of the wavefunction,
denoted by u(x, t) and v(x, t), respec-
tively.

• Envelope function: A Gaussian enve-
lope exp(→x2/2) is incorporated into
the network output to enforce physical
decay of the wavefunction at large spa-
tial distances.

• Training domain: The bounded space
time domain is defined as

x ↑ [→L, L], L = 6, t ↑ [0, T], T = 1,

.

• Training points: Nf = 3000 collocation
points are randomly sampled within
the interior of the domain to enforce the
TDSE residual.
NIC = 900 points are used to impose the
initial condition at t = 0.

ICTRIBT 2026/Special Issue/2 6 www.physedu.in



Physics Education

NBC = 900 points are sampled at x =

±L to enforce boundary conditions.

• Optimizer: The Adam optimizer is
used for training.

• Learning rate: A constant learning rate
of 10→3 is employed.

• Training epochs: The network is
trained for a total of 5000 epochs.

• Automatic differentiation: All spatial
and temporal derivatives required for
the loss function are computed using
automatic differentiation.

2.2 Loss Function Formulation

The PINN is trained by minimizing a com-
posite loss function constructed from phys-
ically motivated terms that enforce the gov-
erning time-dependent Schrödinger equa-
tion (TDSE), as well as the associated ini-
tial and boundary conditions. The total loss
function is defined as

Ltotal = LTDSE +LIC +ϱBC LBC +ϱphase Lphase,
(13)

where ϱBC and ϱphase are weighting param-
eters that balance the relative contributions
of the boundary and phase-consistency con-
straints.

• TDSE residual loss: Enforces the gov-
erning TDSE within the interior of the
space–time domain [18]. It is defined as

LTDSE =
1

Nf

Nf

∑
j=1

[
fu(xj, tj)

2 + fv(xj, tj)
2
]

,

(14)

where fu and fv denote the residuals of
the coupled real and imaginary TDSE
equations [19].

• Initial condition loss: Enforces agree-
ment between the network prediction
and the prescribed initial wavefunction
at t = 0.

• Boundary condition loss: Enforces
physical decay of the wavefunction at
the spatial boundaries by constraining
both the wavefunction values and their
spatial derivatives,

LBC =
〈

u2 + v2
〉

±L
+
〈
(∂xu)2 + (∂xv)2

〉

±L
.

(15)

• Phase-consistency loss: Preserves the
correct eigenstate time evolution of the
QHO,

Lphase =
〈(

ut + E0v
)2

+
(
vt → E0u

)2
〉

,
(16)

where E0 = 1
2 ε is the ground-state en-

ergy.

These loss components collectively en-
sure accurate enforcement of the governing
physics, numerical stability during training,
and reliable approximation of the wavefunc-
tion over the entire space–time domain.

3 Result and Discussion

The Physics-Informed Neural Network
(PINNs) accurately solves the TDSE for
the one-dimensional QHO. The network
is trained by enforcing the governing

ICTRIBT 2026/Special Issue/2 7 www.physedu.in



Physics Education

equation, the ground-state initial condi-
tion, boundary constraints, and a phase-
consistency condition to ensure correct
temporal evolution.

(a)

(b)

Figure 2: Time evolution of the real (a) and
imaginary (b) components of the wavefunc-
tion.

The real and imaginary components of
the wavefunction in Fig. 2a and 2b demon-
strate the correct time-dependent evolu-
tion. The wavefunction is purely real at
the initial time, while the imaginary compo-
nent develops smoothly as time progresses.
The two components oscillate in time with

a constant phase difference, demonstrat-
ing that the network preserves the correct
quantum-mechanical phase structure. The
use of a Gaussian envelope in the network
architecture enforces proper spatial decay,
while the imposed boundary constraints en-
sure numerical stability and prevent non-
physical behavior near the domain bound-
aries. Overall, these results validate the
effectiveness and physical consistency of
the proposed PINNs framework for time-
dependent quantum systems.

Using the learned wavefunction ob-
tained from the PINNs solution, we fur-
ther construct the Bohm quantum poten-
tial [20] , which provides an alternative de-
scription of quantum dynamics within the
Bohmian formulation of quantum mechan-
ics. In this approach, quantum effects are en-
coded through an additional potential term
derived entirely from the wavefunction am-
plitude.

The complex wavefunction is written in
polar form as

ψ(x, t) = R(x, t) eiS(x,t),

where the amplitude R(x, t) and phase
S(x, t) are real-valued functions. From the
PINNs-predicted real and imaginary com-
ponents,

ψ(x, t) = u(x, t) + i v(x, t),

the amplitude is computed as [21]

R(x, t) =
√

u(x, t)2 + v(x, t)2.
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The Bohm quantum potential is defined
as

VBohm(x, t) = →1
2
↗2R(x, t)

R(x, t)
,

which, for the present one-dimensional sys-
tem, reduces to

VBohm(x, t) = →1
2

∂2R(x, t)
∂x2

/
R(x, t).

All spatial derivatives required for the
evaluation of the Bohm potential are com-
puted using automatic differentiation [22],
ensuring a smooth and accurate calculation
without numerical discretization errors. The
resulting Bohm potential in Fig. 3a exhibits a
symmetric and well-behaved spatial profile,
consistent with the expected structure QHO.

The Bohm quantum potential obtained
in this work is direct relevance to quan-
tum plasma physics, where it represents the
leading-order quantum correction to classi-
cal fluid models [23] . In quantum hydro-
dynamic descriptions of plasmas, the Bohm
potential accounts for wavefunction spread-
ing and tunneling effects that arise from the
quantum nature of charged particles [24].

The smooth and physically consis-
tent Bohm potential constructed from the
PINNs-predicted wavefunction demon-
strates that the present work can accurately
resolve quantum effects that are essential
in dense or low-temperature plasmas. An
important advantage of the PINNs-based
approach is the accurate evaluation of the
Bohm potential without numerical noise,
since all spatial derivatives are computed
using automatic differentiation. This feature

(a)

Figure 3: Bohm quantum potential corre-
sponding to the ground-state wavefunction.

is particularly valuable for plasma appli-
cations, where small errors in the Bohm
term can lead to unphysical instabilities in
quantum hydrodynamic simulations.

These results indicate that the method-
ology developed here can be readily ex-
tended to quantum plasma models, provid-
ing a reliable tool for incorporating quan-
tum effects into plasma simulations while
avoiding the limitations of traditional grid-
based numerical schemes.

4 Conclusion

In this study, the TDSE for a one-
dimensional QHO was solved using a
Physics-Informed Neural Network ap-
proach. The governing equation was
embedded directly into the loss function
along with suitable initial and boundary
conditions, allowing the wavefunction to be
learned without relying on traditional nu-
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merical discretization methods. The QHO
was chosen as a test system because its exact
solutions are well known. The PINNs ac-
curately capture the time evolution of both
the real and imaginary components of the
wavefunction. The extracted ground-state
energy agrees closely with the expected
analytical value, confirming the correctness
of the model and training strategy.

An important outcome of this work is
the construction of the Bohm quantum po-
tential from the learned wavefunction. Us-
ing spatial derivatives obtained via auto-
matic differentiation, the Bohm potential
was calculated and found to match the ex-
pected behavior for the harmonic oscilla-
tor. This demonstrates that the PINNs so-
lution is not only accurate at the wavefunc-
tion level but also reliable for computing de-
rived physical quantities. Overall, the re-
sults show that PINNs provide a robust and
a versatile framework for solving the time-
dependent Schrödinger equation and ana-
lyzing quantum systems. The methodol-
ogy presented here can be extended to more
complicated potentials and boundary con-
ditions, where analytical solutions are not
available.
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Abstract

Heat conduction is a fundamental physical pro-

cess governing thermal energy transport across

diverse media. While traditional numerical

methods (e.g., Finite Di!erence) are physically

powerful, they often require complex and can be

computationally expensive for high dimension.

PINNs utilize the universal approximation power

of neural networks constrained by the underlying

physical laws. We present a Python-based im-

plementation demonstrating how PINNs can be

used to visualize thermal di!usion. A physics-

informed neural networks is formulated by em-

bedding the governing heat equation, along with

the prescribed initial and boundary conditions,

into the loss function of a neural network. Auto-

matic di!erentiation is employed to compute the

required spatial and temporal derivatives. The

network is trained using collocation points sam-

pled across the space–time domain, without the

need for labeled training data. The PINNs-based

solution exhibits excellent agreement with the

actual solution of the heat equation, correctly

reproducing the spatial temperature profiles and

their temporal evolution. The study highlights

the e!ectiveness of PINNs as a reliable alterna-

tive to traditional numerical methods.

1 The Heat Equation

The heat equation is a very special case of
the general linear second-order partial dif-
ferential equation[3]. The heat equation is
a parabolic partial differential equation and
occurs in the characterization of diffusion
progress. The one-dimensional heat equa-
tion is:

∂u
∂t

= α
∂2u
∂x2 (1)

where u = u(x, t) is the dependent variable,
and α is a constant coefficient. Equation 1
is a model of transient heat conduction in a
slab of material with thickness L. The solu-
tion is defined on a strip of width L that ex-
tends infinitely in time. The material prop-
erty α is the thermal diffusivity. In a prac-
tical computation, the solution is obtained
only for a finite time, say tmax. Solution to
Equation 1 requires specification of bound-
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ary conditions at x =0 and x =L, and initial
conditions at t = 0. In numerical calcula-
tions, the solution is evaluated only up to
a finite time tmax. Equation 1 must be sup-
plemented with boundary conditions at x =0
and x =L, along with an initial condition at
t=0.

Simple boundary and initial conditions
are
u(0, t) = u0, u(L, t) = uL u(x, 0) = f0(x).

Other boundary conditions, e.g. gra-
dient (Neumann) or mixed conditions or
dritchlet condition, can be specified.

For a homogeneous and isotropic
medium where the material properties are
uniform and identical in all directions and
assuming constant thermal properties, the
2D heat conduction equation is expressed as

∂u
∂t

= α

(
∂2u
∂x2 +

∂2u
∂y2

)
(2)

where

• The function u(x, y, t) denotes the tem-
perature at position (x, y) at time t.
It describes the thermal state of the
medium and its temporal evolution,
showing how the temperature varies
due to internal and external influences.

• The parameter α represents the thermal
diffusivity of the medium, which char-
acterizes the rate at which heat spreads
through the material.

• ∂u
∂t signifies the rate of change of tem-
perature with respect to time, indicat-
ing the dynamic evolution of the ther-

mal state. This term is essential for un-
derstanding transient heat conduction,
where temperature changes occur over
time.

• ∂2u
∂x2 and ∂2u

∂y2 are the second-order par-
tial derivatives of temperature with re-
spect to the spatial coordinates x and y,
respectively. They characterize the lo-
cal curvature of the temperature profile
and indicate how variations in spatial
gradients govern heat transport in the
medium.

These equations serves as a mathematical
model to describe the temporal and spa-
tial distribution of temperature in a two-
dimensional medium. It is crucial for under-
standing how heat propagates within mate-
rials and across various mediums, impact-
ing a wide range of applications from indus-
trial processes to environmental science.

Traditional numerical approaches, such
as the finite difference and finite element
methods, are based on discretizing the gov-
erning physical equations. In the finite dif-
ference method, derivatives in the differ-
ential equation are replaced by appropriate
difference approximations[5]. For the heat
equation, this involves discretization in both
time and space. Different choices of grid
points in these approximations lead to dif-
ferent numerical methods, each with its own
convergence behavior. The rate at which
the numerical solution converges to the ex-
act solution depends on the method em-
ployed. Moreover, certain practical formu-
lations may become unstable for inappropri-
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ate choices of the spatial and temporal step
sizes, ∆x and ∆t.

This work investigates the simulation
of one- and two-dimensional heat conduc-
tion problems using Physics-Informed Neu-
ral Networks. The objective is to develop
a robust PINN-based framework for mod-
eling one- and two-dimensional heat con-
duction with boundary conditions, while
exploiting neural networks to embed the
underlying physical laws into the learning
process.[6, 7]

Assume that we have a thermal system
u(x, t), where x and t stand for the spatial
and temporal coordinates, respectively. To
minimize the residual of the heat equation,
∂T
∂t → α↑2T = 0, a neural network is trained
using the PINNs approach[6]. Even in
2D environments where conventional grid-
based approaches would necessitate compli-
cated indexing, using PINNs, this results in
a highly accurate global approximation of
the temperature field[6, 7, 2].

2 Physics Informed Neural

Networks(PINNs)

In a traditional neural network, the model
functions as a universal functional approxi-
mator, mapping inputs to outputs through
a purely data-driven regime [1, 2]. Tradi-
tional Neural Network (TNN) learns pat-
terns solely from labeled datasets without
any intrinsic knowledge of the underlying
governing equations. Three different kinds
of layers make up the architecture:

• Input Layer: This layer gets the raw co-
ordinate data, like time (t) and space
(x, y). The number of neurons corre-
sponds directly to the dimensionality of
the input space.

• Hidden Layers: Non-linear transforma-
tions are carried out by these intermedi-
ate layers. Each layer consists of ”neu-
rons” that extract features from the in-
put data. To balance computational ef-
ficiency and approximation power, we
employ 64-neuron hidden layers.

• Output Layer: û, is the tempera-
ture generated by the network’s output
layer.

In order to minimize the difference between
predictions and observations, the network
learns by modifying its internal parameters:

• Weights and Biases: Every connec-
tion between neurons has an associated
weight W that determines how strongly
one neuron influences another. In ad-
dition, each neuron has a bias b, which
is a trainable constant added to the
weighted sum of inputs to allow the
neuron to shift its activation. These pa-
rameters are adjusted during training .

a = ε (Wx + b) (3)

Where:

– x is the input coordinate vector.

– W is the weight matrix.

– b is the bias vector.
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– ε is the non-linear activation func-
tion.

– a is the output activation of the
layer.

• Activation Function: The hyperbolic
tangent (tanh) function is utilized. Be-
cause physical problems often require
computing second-order derivatives, a
smooth, infinitely differentiable activa-
tion function is necessary.[7]

ε(z) = ez→e→z

ez+e→z

• Loss Function: The NN model is
trained by minimizing the Mean

Squared Error (MSE):

Ldata =
1
N

N

∑
i=1

|ûi → ui|2 (4)

The Traditional Neural Network does not
ensure physical consistency between train-
ing points because the NN objective is re-
stricted to minimizing Ldata.

PINNs, on the other hand, follows the
rules of physics by minimizes a composite
loss function. [6]. This is made possible by
Automatic Differentiation (AD), which en-
ables the network to precisely compute its
own gradients[7].

Over a time interval [0, tmax], the field
u(x, t) in a 2D spatial domain Ω changes in
accordance with:

∂u
∂t

→ α↑2u = 0, x ↓ Ω, t ↓ [0, tmax] (5)

where the thermal diffusivity is repre-
sented by α. The system’s initial state and

boundary behavior must be specified in or-
der to produce a unique solution[3].

• Initial Condition (IC): The state of the
system at t = 0.

u(x, 0) = h(x) (6)

where h(x) usually denotes a particular
distribution or a localized heat source.

• Boundary Conditions (BC): When the
field value is fixed at the domain edges
∂Ω, we use Dirichlet boundary condi-
tions.

u(x, t) = g(x, t), x ↓ ∂Ω (7)

The sum of the Mean Squared Errors
(MSE) from three different sources is the to-
tal objective function L:

LTotal = ϱ fL f + ϱbcLbc + ϱicLic (8)

Where:

• Physics Residual Loss(L f ):

– 1-D Case:

L f =
1

Nf

Nf

∑
i=1

∣∣∣∣
∂û
∂t

→ α
∂2û
∂x2

∣∣∣∣
2

(9)

– 2-D Case:

L f =
1

Nf

Nf

∑
i=1

∣∣∣∣
∂û
∂t

→ α

(
∂2û
∂x2 +

∂2û
∂y2

)∣∣∣∣
2

(10)

• Boundary Condition Loss (Lbc):

Lbc =
1

Nbc

Nbc

∑
j=1

|û → g|2 (11)
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• Initial Condition Loss (Lic):

Lic =
1

Nic

Nic

∑
k=1

|û → h|2 (12)

Nevertheless, the method is susceptible
to Spectral Bias, in which the network
learns low-frequency, smooth patterns more
quickly than acute thermal gradients[2].
Our use of 64-neuron hidden layers and a
learning rate of 10→3 helps to alleviate this,
guaranteeing a balance between detail and
stability[7].

3 Computational Implementation

Five different computational phases are
used to solve the Heat Equation us-
ing Physics-Informed Neural Networks
(PINNs), moving from raw domain sam-
pling to a trained continuous solution
manifold[6, 2].

3.1 Computational Procedure

Step 1: Point Sampling and Domain Ini-
tialization The continuous (x, t) domain is
discretized into point sets prior to training:

• Collocation Points: A uniform ran-
dom distribution is used to select 1,000
points throughout the domain in order
to assess the PDE residual.

• Constraint Points: For the Initial Con-
dition (IC), 200 points are fixed at t = 0,
and for the Boundary Conditions (BC),
200 points are fixed at x = 0 and x = 1.

Step 2: Neural Network Architecture
Setup
The initialization of the model u(x, t) ↔
NN(x, t; θ) is as follows[1, 7]:

• Input: Input layer for coordinates (x, t)
are connected to the hidden layers, each
with 64 neurons.

• Activation Function: tanh functions to
guarantee the heat equation’s smooth,
twice-differentiable curvature[7].

• Output: The temperature u is predicted
by the output layer of the network.

Step 3: Physics-Informed Loss Con-
struction
A composite loss function Ltotal = L f +

λ(Li + Lbc) directs the ”Learning”: en-
forces the PDE using automatic differentia-
tion: ut → kuxx = 0.

• Residual Loss (L f ): Enforces the PDE
ut → kuxx = 0 via Automatic Differenti-
ation.

• Initial Loss (Li): Enforces u(x, 0) = 0.

• Boundary Loss (Lbc): Enforces u(0, t) =
1.0 and u(1, t) = 0.0.

Step 4: Iterative Optimization
It consists of these two steps:

• Optimizer: It uses the Adam algorithm
for stochastic weight updates[1].

• Weighting: To guarantee boundary
convergence, Li and Lbc are given a
penalty factor (λ = 10). To achieve con-
vergence, the procedure is iterated 4,000
times.
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Figure 1: Architecture of a Physics-Informed Neural Network (PINN)

4 1D Heat Equation Results:

Rod with Single-End Heater

With a constant heater connected to the
boundary at x = 0, the 1D simulation sim-
ulated a rod of length L = 1.0, keeping the
temperature at u(0, t) = 1.0 for all t > 0.
u(x, 0) = 0 was the initial condition across
the remainder of the rod. The continuous so-
lution manifold over a temporal domain of
t ↓ [0, 1] has to be resolved using the PINNs.

4.0.1 High-Conductivity Material

(Metal)

Rapid thermal propagation across the spa-
tial domain was successfully captured by
the PINNs for the metal simulation (set up
with k = 0.5). As seen in the 3D solution
manifold and the continuous heat diffusion
map:

Efficient energy transfer is shown by
the temperature profile’s sweeping, smooth
curvature. Even at the furthest points, the
heater’s thermal influence has reached the
distal end of the rod (x = 1.0) by t = 1.0,
with temperatures rising noticeably above
the initial state.

Heatmap: Metal
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4.0.2 Low-Conductivity Material (Wood)

The hardwood log (designed with k = 0.01)
exhibits high localization and thermal resis-
tance. The temperature increase is firmly
limited to the immediate area of the heater
(x < 0.2), according to the heat diffusion
map. Near the source, the temperature rise
but the rod stays at its starting ambient tem-
perature for most of the time after x =

0.2. The PINNs remained stable and faith-
fully depicted the insulating behavior of the
wood in spite of the steep gradients that
usually provide a hurdle to conventional
numerical solvers[7].

Heatmap: Wood

5 2D Heat Conduction in a Plate

The simulation was extended to a 2D square
plate of unit dimensions. The left edge
(x = 0) was subjected to a continual heat
source (T = 1.0), while the other limits were
kept at T = 0. For two different materials,
the PINNs successfully mapped the spatial-
temporal evolution of heat.

5.0.1 High-Conductivity Material

(Metal)

The PINNs recorded a quick and wide ther-
mal expansion, as seen in the heatmaps for
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Metal (k = 0.8). The heat front had already
made considerable inroads into the plate’s
center at t = 0.1. The efficient energy trans-
fer feature of metallic structures is demon-
strated by the thermal gradient being signif-
icantly smoother at t = 0.5, with the 0.2 tem-
perature contour extending past the mid-
point (x = 0.6).

Heatmap: Metal

5.0.2 Low-Conductivity Material (Wood)

The Wood (k = 0.02) simulation, on the
other hand, showed a very localized temper-

ature response. The heat is still mostly con-
tained in the area around the heated edge
(x < 0.2) at both t = 0.1 and t = 0.5.
The PINNs ability to resolve steep gradi-
ents in insulating materials without numeri-
cal instability is demonstrated by the abrupt
change from the heater temperature to the
ambient temperature.

Heatmap: Wood

The findings show that isotherms dis-
persed evenly over the domain and that the
metal plate rapidly achieved a quasi-steady
state. The PINNS correctly predicted a large
thermal lag in the wooden plate simulation;
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Table 1: Material Parameters used in 2D
PINNs Simulations

Property Metal Wood
Conductivity (k) 0.8 0.02
BC (x = 0) T = 1.0 T = 1.0
IC (t = 0) T = 0.0 T = 0.0

during the simulation, the heat stayed fo-
cused along the x = 0 axis.

6 Conclusion

In this paper, we systematically show
how well Physics-Informed Neural Net-
works (PINNs) solve the one- and two-
dimensional heat equation. By incorporat-
ing the governing heat-conduction equation
directly into the neural network loss func-
tion, the suggested PINN framework effec-
tively captures the spatiotemporal evolution
of the temperature field without the need
for either temporal or spatial discretization.
Compared to traditional numerical solvers
like the Finite Difference Method (FDM) and
the Finite Element Method (FEM), the PINN
approach is more adaptable when dealing
with complicated boundary and initial con-
ditions. The findings show that PINNs of-
fer a reliable and effective substitute for sim-
ulating heat conduction issues, especially
when conventional grid-based approaches
become computationally costly or challeng-
ing to use.
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Abstract

This study demonstrates the application of

Physics-informed neural networks (PINNs) to

solve the initial-value problem of a two-mass

coupled nonlinear oscillator system. The system

is governed by the coupled second-order ODEs.

A fully-connected feed-forward neural

network is trained to directly approximate

the displacement fields x1(t) and x2(t). The

network is optimized by minimizing a com-

posite loss function consisting of the physics

residual and a weighted initial-condition loss.

No labeled trajectory data are used to train

the model. The PINNs solution is validated

against a high-accuracy numerical method.

The predicted displacements show excellent

quantitative agreement with the numerical solu-

tion, achieving sub-millimeter root-mean-square

errors for both masses throughout the simulated

interval. These results illustrate that PINNs

can accurately predict the solutions of nonlinear

di!erential equations.

Keywords: Physics-Informed Neural Networks,

Coupled Oscillators, Nonlinear Dynamics, Auto-

matic Di!erentiation.

1 Introduction

Coupled oscillator systems are fundamen-
tal models in classical mechanics, appear-
ing in a wide range of physical phenom-
ena such as molecular vibrations, acoustic
meta materials, electrical circuits, and me-
chanical structures with multiple degrees of
freedom. When the restoring forces are lin-
ear, the system can be solved analytically us-
ing normal mode analysis. However in real
world, most of systems exhibit nonlineari-
ties such as cubic stiffness terms that lead
to complex behaviors including amplitude-
dependent frequencies, internal resonance,
and energy transfer between modes. These
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nonlinear effects are difficult to treat ex-
actly and usually require numerical meth-
ods that become computationally expensive
for long-time simulations or when many pa-
rameters must be explored.

Physics-informed neural networks
(PINNs) have emerged as a best alternative
for solving both forward and inverse prob-
lems governed by differential equations[1].
By embedding the governing equations
directly into the loss function of a neural
network via automatic differentiation,
PINNs can approximate solutions without
requiring any labeled simulation data. It
requires training data in the form of differ-
ential equations. Since their introduction
by Raissi et al. [2], PINNs have been suc-
cessfully applied to a variety of problems
including quantum mechanics [3], fluid
dynamics & structural dynamics. Their
ability to handle strong nonlinearities with
relatively small networks makes them par-
ticularly attractive for nonlinear dynamical
systems.

In this work we apply PINNs to the
classic two-mass, three-spring system with
an additional cubic nonlinear stiffness term
on each mass. We demonstrate that a com-
pact feed-forward neural network is trained
solely on the physics residual and initial
conditions. It can accurately reproduce the
nonlinear beating phenomenon observed in
the system over a long time interval. The
PINNs solution is validated against a high-
accuracy numerical solution obtained with
SciPy’s odeint solver, showing excellent

agreement.
This study serves as a clear, repro-

ducible demonstration that PINNs can cap-
ture the essential nonlinear dynamics of
coupled oscillators with minimal computa-
tional overhead and no need for mesh gen-
eration or extensive training data. The re-
sults highlight the potential of PINNs as a
versatile tool for exploring nonlinear me-
chanical systems, parameter studies, and
real-time digital twins.

2 Methodology

In this section, we will explain the working
of feed-forward neural network combined
with physics informed loss functions shown
in figure 1

2.1 Governing Equations

The system under consideration is a two-
mass coupled nonlinear oscillator with cu-
bic stiffness nonlinearity. The governing dif-
ferential equations are

mẍ1 + k1x1 → kc(x2 → x1) + knlx1
3
= 0 (1)

mẍ2 + k2x2 → kc(x1 → x2) + knlx2
3
= 0 (2)

with symmetric linear stiffness (k1 = k2 =

1), weak coupling (kc = 0.5), and a small
nonlinear coefficient (knl = 0.01). Initial
conditions are chosen to excite primarily the
first mass: x1(0) = 1, x2(0) = 0, ẋ1(0) =

ẋ2(0) = 0 [4].
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2.2 Physics-Informed Neural Network

A fully connected feedforward neural net-
work [5] in combination with physics in-
formed loss functions was used to approx-
imate the solution pair (x1(t), x2(t)). The
network takes time t as the sole input and
outputs a two-dimensional vector. It con-
sists of an input layer with one neuron,
three hidden layers each containing 64 neu-
rons with hyperbolic tangent (tanh) activa-
tion functions, and an output layer with two
neurons.

The neural network is trained itera-
tively using the following six-step process:

1. Random Initialization: At the very be-
ginning, all weights wij and biases bj

are assigned small random values using
normal or uniform distribution.

2. Forward Pass: We feed the input
through the network, then each neuron
computes its weighted sum and activa-
tion. Finally, the network gives some
prediction ŷ.

3. Computing Loss: Compare prediction
with the true output value y and a loss
function is used to measure the error.

4. Back Propagation: The network calcu-
lates gradients of loss w.r.t. each weight
and bias using chain rule. Gradient in-
dicates that how much a small change
in weight would increase or decrease
the loss.

5. Gradient Descent: Update each weight
in the direction that reduces the loss:

wnew
ij = wold

ij → η
∂L

∂wij
,

bnew
j = bold

j → η
∂L
∂bj

,
(3)

where η is a small positive number and
denotes learning rate.

6. Iterations: Steps 2 to 5 are repeated
many number of times called as iter-
ations or epochs. With the time, the
weights and biases are adjusted so that
the network prediction ŷ gets closer to
output y and hence loss gets minimized.

The architecture of neural network is
shown in Figure 1.

2.3 Loss Function Formulation

The total loss was defined as a weighted
sum of the physics residual loss and the ini-
tial condition loss:

L(ε) = Lphy + ϱICLIC, (4)

with weighting factor ϱIC = 10.0.
The physics loss was computed from

the mean squared residual of the governing
equations evaluated at a fixed set of N =

200 uniformly spaced collocation points ti ↑
[0, 16]:

Lphy =
1
N

N

∑
i=1

(
r1(ti)

2
+ r2(ti)

2
)

, (5)

where the residuals are:

r1(t) = ẍ1(t) + x1(t)→ 0.5
(
x2(t)→ x1(t)

)

+ 0.01 x1(t)3,
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Figure 1: Physics Informed Neural Network Building Blocks

r2(t) = ẍ2(t) + x2(t)→ 0.5
(
x1(t)→ x2(t)

)

+ 0.01 x2(t)3.

First and second-order time derivatives
were obtained via automatic differentiation.
The initial condition loss enforced the four
prescribed values at t = 0:

LIC =

2

∑
j=1

[(
xj(0)→ x0

j
)2

+
(
ẋj(0)→ ẋ0

j
)2
]

(6)
where x0

1 = 1, x0
2 = 0, ẋ0

1 = ẋ0
2 = 0.

Now equation (6) can be expanded as:

LIC =
(
x1(0)→ 1

)2
+

(
x2(0)→ 0

)2

+
(
ẋ1(0)→ 0

)2
+

(
ẋ2(0)→ 0

)2 (7)

2.4 Training Procedure

1. Optimizer: Adam optimizer is used
with learning rate 10→3.

2. Collocation points: 200 uniform points
are used within the interval [0, 16]

3. Training steps: Model is trained over
50,000 iterations.

4. Training history is saved after every
5000 iterations.

5. Intermediate predictions are plotted ev-
ery 25,000 iterations.
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3 Results and Discussion

In this section, we have validated the PINNs
solution for coupled spring-mass system us-
ing PyTorch. All computations were per-
formed using 64-bit floating-point preci-
sion (torch.float64) on 11th Gen Intel(R)
Core(TM) i5-11300H CPU).

The composite loss function converges
steadily over the 50,000 training iterations.
Table 1 shows the evolution of the total loss,
physics loss, and initial-condition loss on a
logarithmic scale. The total loss drops from
an initial value of approximately 8–9 to a fi-
nal value of 1.3771 ↓ 10

→5. After 5000 itera-
tions the physics residual becomes the dom-
inant term, while the initial-condition loss
remains fluctuating between 10→7 and 10→5

throughout the later stages.

Epoch Total Loss Physics Loss IC Loss

0 8.5194 0.0813 0.8438
5000 0.0248 0.0247 7.29856 ↓ 10→6

10000 0.0211 0.0210 5.55193 ↓ 10→6

15000 0.0169 0.0168 3.41986 ↓ 10→6

20000 0.0115 0.0113 2.38601 ↓ 10→5

25000 0.0057 0.0057 9.11852 ↓ 10→7

30000 0.0002 0.0002 2.14487 ↓ 10→6

35000 0.0001 0.0001 7.78829 ↓ 10→7

40000 0.0004 0.0002 2.18778 ↓ 10→5

45000 0.0007 0.0006 2.00658 ↓ 10→6

50000 1.3771 ↓ 10→5 1.23877 ↓ 10→5 1.3833 ↓ 10→7

Table 1: Training history of total loss,
physics loss, and IC loss.

Figure 2 compares the solution pair
x1(t) and x2(t) obtained through PINNs
predictions represented by solid lines,
against the traditional solution obtained
through SciPy’s odeint represented by

Figure 2: Comparison of PINN-predicted
displacements (solid) and numerical refer-
ence (dashed) at the final epoch.

dashed lines. The two solutions are visually
indistinguishable over t ↑ [0, 16]. The non-
linear beating phenomenon is accurately
reproduced.

The results confirm that a compact
PINN can solve the coupled nonlinear oscil-
lator problem to sub-millimeter accuracy us-
ing only the governing equations and initial
conditions. The network captures both the
fast oscillation and the slow energy-transfer
timescales without any numerical stiffness.

Advantages of using PINNs are mesh-
free formulation, instant evaluation at ar-
bitrary times, and fully differentiable so-
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lutions useful for further analysis. For
stronger nonlinearities or longer times,
adaptive collocation points or larger net-
works may be required. This study serves
as a reproducible benchmark for PINNs per-
formance on nonlinear multiple degree of
freedom mechanical systems.

4 Conclusion

This work has demonstrated that PINNs
can accurately solve the forward problem
of a two-mass coupled nonlinear oscilla-
tor governed by second-order ODEs with
cubic stiffness nonlinearity. Using a com-
pact fully-connected network and a com-
posite loss function that enforces both the
physics residuals and the initial conditions,
we obtained solutions that match a high-
accuracy numerical solution. The approach
is fully mesh-free, differentiable, and in-
stantly evaluable at arbitrary times, mak-
ing it particularly attractive for nonlinear
mechanical systems where traditional nu-
merical integrators may suffer from stiff-
ness or require careful step-size control. The
results provide a reproducible benchmark
for PINNs performance on multiple degree
of freedom nonlinear vibration problems

where traditional numerical methods fail to
find the solution.
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Abstract

Understanding vibrational spectra is essential

in molecular physics, as they reveal the an-

harmonic behavior of molecular vibrations and

the underlying interatomic forces in diatomic

molecules. Analysis of vibrational transitions

provides valuable information about molecular

potentials and bonding characteristics. In

this work, a Physics-Informed Neural Network

(PINN) approach is employed to determine the

vibrational energy levels of the hydrogen chlo-

ride (HCl) molecule using the Morse potential.

The vibrational dynamics are described by the

one-dimensional time-independent Schrödinger

equation, with the fundamental physical laws

directly incorporated into the neural network

training. The PINNs framework simultaneously

learns the vibrational wavefunctions, energy

eigenvalues, and Morse potential parameters

by minimizing a composite loss function that

enforces the Schrödinger equation residual,

normalization, orthogonality, and physical dis-

sociation constraints. The predicted vibrational

energy levels and optimized potential parame-

ters show strong agreement with experimental

and theoretical values, demonstrating the

accuracy and reliability of the proposed method.

These results establish PINNs as a powerful and

data-e!cient framework for molecular spec-

troscopy and computational quantum chemistry.

1 Introduction

The study of molecular vibrations plays
a central role in understanding molecular
structure, bonding, and spectroscopic prop-
erties [1, 2, 3, 4].Vibrational energy levels
provide detailed information about the po-
tential energy surface and the forces govern-
ing atomic motion within molecules. Accu-
rate determination of vibrational spectra is
therefore crucial in molecular physics, quan-
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tum chemistry, and infrared spectroscopy,
particularly for identifying anharmonic ef-
fects and dissociation behavior [5, 6, 7, ?, 8].

Conventional numerical techniques,
such as matrix diagonalization, finite dif-
ference schemes, and Variational Monte
Carlo methods, have been widely used to
solve the vibrational Schrödinger equation
[9, 10, 11, 12]. Although effective, these
methods often require carefully chosen
basis sets, dense spatial grids, or repeated
parameter tuning. Physics-Informed Neu-
ral Networks (PINNs) offer a modern
alternative by embedding physical laws
directly into the learning process, allowing
solutions to be obtained in a mesh-free and
data-efficient manner [13, 14, 15, 16].

In this work, PINNs are applied to de-
termine the vibrational energy levels of the
HCl molecule using the Morse potential [17,
2, 1]. The network simultaneously learns
vibrational wave functions, energy eigen-
values, and molecular potential parameters,
providing a unified and physically consis-
tent framework for modeling molecular vi-
brations.

2 Methodology

To determine the vibrational energy levels
of the HCl molecule, we employ a Physics-
Informed Neural Network (PINNs) frame-
work to solve the one-dimensional time-
independent Schrödinger equation govern-
ing molecular vibrations. Within the
Born–Oppenheimer approximation, the vi-

brational motion of a diatomic molecule is
decoupled from its electronic and rotational
degrees of freedom, allowing the system to
be described by a single internuclear coordi-
nate [1].

The vibrational dynamics are governed
by the time-independent Schrödinger equa-
tion:

→ h̄
2

2µ

d
2ψ(r)
dr2 + V(r)ψ(r) = Eψ(r), (1)

where r denotes the internuclear separation,
µ is the reduced mass of the HCl molecule
[18], ψ(r) is the vibrational wave function,
and E is the corresponding vibrational en-
ergy eigenvalue. All calculations are carried
out in atomic units by setting h̄ = 1.

To account for the anharmonic nature
of molecular vibrations and dissociation ef-
fects, the interatomic interaction is modeled
using the Morse potential [17, 19]:

V(r) = De

(
e
→2a(r→re) → 2e

→a(r→re)
)

, (2)

where De is the dissociation energy, re is the
equilibrium bond length, and a controls the
width of the potential well. In the present
framework, the parameters De, a, and re are
treated as trainable variables, enabling the
potential energy surface to be learned self-
consistently during the training process.

Within the PINNs approach, the vi-
brational wavefunction is approximated by
a fully connected feed-forward neural net-
work:
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ψ(r) ↑ ψθ(r), (3)

where θ denotes the network parameters.
The trial wavefunction ψθ(r) is represented
by a fully connected feed-forward neural
network. The internuclear distance r is
used as the single input to the network,
and the output corresponds to the value
of the vibrational wavefunction at that co-
ordinate. The network consists of one in-
put layer, three hidden layers with 64 neu-
rons each, and a single output neuron. Hy-
perbolic tangent (tanh) activation functions
are employed in all hidden layers to ensure
smoothness and continuous differentiability
of the wavefunction. Spatial derivatives re-
quired by the Schrödinger equation are com-
puted using automatic differentiation, en-
suring high accuracy and avoiding numer-
ical discretization errors [13, 15]. The out-
put layer uses a linear activation function,
allowing the wavefunction to assume both
positive and negative values.

The Hamiltonian operator acting on the
network-predicted wavefunction is written
as

Ĥψ(r) = → 1
2µ

d
2ψ(r)
dr2 + V(r)ψ(r), (4)

and the vibrational energy eigenvalue is
obtained directly within the PINNs frame-
work. In this approach, the energy E is in-
troduced as an independent trainable pa-
rameter and is learned simultaneously with
the vibrational wavefunction during the op-
timization process.

The neural network parameters and the
energy eigenvalue are optimized by mini-
mizing the residual of the Schrödinger equa-
tion over the entire spatial domain:

LSE =
〈(

Ĥψ(r)→ Eψ(r)
)2
〉

, (5)

where ↓·↔ denotes averaging over colloca-
tion points in the internuclear separation
domain. As training proceeds, the energy
eigenvalue adjusts automatically to mini-
mize the physics-based loss, emerging self-
consistently from the enforcement of the
Schrödinger equation, boundary conditions,
and normalization constraints. No vari-
ational principle, matrix diagonalization,
or post-processing energy functional is re-
quired, making the determination of vibra-
tional energies fully unsupervised and in-
trinsic to the PINNs formulation [13, 15, 16].

The problem is defined over a finite in-
ternuclear domain r ↗ [rmin, rmax], chosen
sufficiently large to ensure that the vibra-
tional wavefunction decays to zero at the
boundaries. The normalization condition
for bound vibrational states,

∫
rmax

rmin
ψ2(r), dr = 1, (6)

is enforced explicitly during training.
Higher vibrational states are obtained se-
quentially by imposing orthogonality con-
straints between the current wavefunction
and all previously computed lower-energy
states.

The total PINN loss function is a com-
posite of the physics-informed residual, nor-
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malization, and orthogonality constraints
[13, 15, 16]:

L = LSE + LN + LO, (7)

where LSE penalizes the residual of the
Schrödinger equation, LN enforces wave-
function normalization, and LO ensures or-
thogonality between different vibrational
states. Vibrational eigenstates are obtained
sequentially, starting from the ground state,
while the Morse potential parameters are
optimized to reproduce the observed vibra-
tional energy spacings.

This physics-informed formulation al-
lows the vibrational spectrum and molec-
ular potential of HCl to be determined in
a unified and fully unsupervised manner,
without requiring predefined basis func-
tions or explicit matrix diagonalization. The
smooth and noise-free evaluation of wave-
functions and their derivatives through au-
tomatic differentiation ensures a continuous
representation of the solution over the entire
domain.

3 Results and Discussion

The Physics-Informed Neural Network
(PINNs) successfully solves the vibrational
Schrödinger equation for the HCl molecule
and converges to physically meaningful
eigenstates. The predicted vibrational en-
ergy levels show excellent agreement with
experimental data. The decreasing spacing
between successive energy levels correctly
reflects the anharmonic nature of molecular

vibrations captured by the Morse potential.
The vibrational eigenstates are obtained

sequentially, starting from the ground state
to v=3. For each vibrational level, the neu-
ral network learns the corresponding wave-
function while the Morse potential param-
eters are optimized to reproduce the ob-
served vibrational energy spacings. Orthog-
onality constraints are imposed between
the current wavefunction and all previously
computed lower-energy states [13, 15, 16].

The network is trained by minimizing a
composite loss function:

L = LSE + LN + LO, (8)

where LSE penalizes the residual of the
Schrödinger equation, LN enforces wave-
function normalization, and LO ensures or-
thogonality between different vibrational
states. The Schrödinger residual loss is de-
fined as

LSE =
〈(

Ĥψ(r)→ Eψ(r)
)2
〉

, (9)

where ↓·↔ denotes averaging over the
training domain. This physics-informed for-
mulation allows the vibrational spectrum
and molecular potential of HCl to be deter-
mined in a unified and fully unsupervised
manner, without requiring predefined basis
functions or explicit matrix diagonalization.

A key advantage of the PINNs ap-
proach is the smooth and noise-free eval-
uation of wavefunctions and their deriva-
tives through automatic differentiation [13,
15, 16]. Unlike finite-difference or Numerov
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methods [20], this framework avoids grid-
induced artifacts and provides a continuous
representation of the solution over the entire
domain. The optimized Morse potential pa-
rameters are consistent with known spectro-
scopic values and exhibit the correct asymp-
totic dissociation behavior [2, 18].

Figure 1: Optimized Morse potential V(r)

for HCl obtained from the PINNs. The po-
tential minimum corresponds to the equilib-
rium bond length re, and the dissociation en-
ergy De is indicated.

The optimized Morse potential param-
eters obtained from the PINNs are: De =

5.2054 eV, a = 1.7551 Å→1, and re =

1.2713 Å. As depicted in Figure1, the poten-
tial curve obtained from the PINNs closely
matches the theoretical shape of a Morse po-
tential, validating the accuracy of the pre-
dicted parameters

The vibrational energy levels predicted
by the PINNs are summarized in Table 1
. Energies are expressed in wavenumbers
(cm→1) using the relation ε̃v = Ev/(hc).

These results show the expected an-
harmonic spacing between successive vi-

Table 1: HCl vibrational frequencies: exper-
imental vs PINNs-predicted (cm→1).

Transition Exp.(cm→1) Predicted (cm→1)
0 ↘ 1 2885.9764 2892.2881
0 ↘ 2 5667.983 5615.8731
0 ↘ 3 8356.7769 8635.5715

brational levels, decreasing as v increases,
which is characteristic of the Morse poten-
tial. The PINNs framework thus provides
both the potential energy curve and the vi-
brational spectrum in a fully unsupervised
and physically consistent manner.

4 Conclusion

This study demonstrates the effectiveness of
Physics-Informed Neural Networks for de-
termining vibrational energy levels of di-
atomic molecules [13, 15, 16]. By embedding
the time independent Schrödinger equa-
tion and physical constraints directly into
the learning process, the PINNs accurately
predicts vibrational wavefunctions, energy
eigenvalues, and Morse potential parame-
ters for the HCl molecule [17, 2, 18].

The network successfully reproduces
the ground-state and higher vibrational
states [1, 3]. The predicted energy levels
are in excellent agreement with experimen-
tal data, capturing the decreasing spacing
between successive levels due to the anhar-
monicity of molecular vibrations [5, 6].

The Morse potential is learned self-
consistently during training, yielding pa-
rameters consistent with known spectro-
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scopic values and correctly describing the
dissociation behavior of HCl [2, 17]. The
PINNs approach provides smooth, noise-
free wavefunctions and derivatives through
automatic differentiation, avoiding the lim-
itations of traditional grid-based or matrix
diagonalization methods [13, 15, 16].

Overall, this work highlights the PINNs
framework as a flexible, data efficient, and
fully unsupervised method for molecular
spectroscopy and computational quantum
chemistry [13, 15]. This methodology can
be extended to more complex molecular
systems and higher-dimensional quantum
problems, providing a powerful tool for
modeling vibrational dynamics and poten-
tial energy surfaces in diatomic and poly-
atomic molecules.
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Abstract

Background: The Semi-Empirical Mass For-

mula (SEMF), also known as the Weizsäcker

formula, provides an approximate description of

nuclear binding energy by incorporating volume,

surface, Coulomb, asymmetry, and pairing

e!ects within the liquid-drop model framework.

Conventionally, the coe”cients of the SEMF

are determined using least-squares regression on

experimental nuclear mass data.

Purpose: The purpose of this study is to

develop and demonstrate a Physics-Informed

Neural Networks (PINNs) framework for es-

timating the coe”cients of the SEMF by

embedding the nuclear-physics structure of the

model directly into the learning process.

Methods:A physics-informed neural network

was developed with the SEMF explicitly embed-

ded in the loss function. Experimental nuclear

mass data were used for training, while the

SEMF coe”cients were treated as trainable

parameters. The model was optimized via

c2 minimization, measuring weighted squared

deviations between experimental and predicted

binding energies, with physically motivated

bounds imposed to ensure stability and inter-

pretability.

Results: The PINN framework successfully

recovered physically meaningful values of the

SEMF coe”cients with improved numerical

stability compared to conventional regression-

based methods. The predicted binding energies

exhibited strong agreement with experimental

data across a wide range of nuclei. Incorpora-

tion of physical constraints significantly reduced

overfitting and enhanced the generalization

capability of the model.

Conclusion: This study demonstrates that

Physics-Informed Neural Networks provide an

e!ective and reliable framework for estimating

the coe”cients of the Semi-Empirical Mass

Formula.
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1 Introduction

The atomic nucleus is a complex many-
body system governed by the strong nu-
clear force, and its properties cannot be de-
rived exactly from first principles for most
nuclei. To address this challenge, several
phenomenological models have been de-
veloped to describe nuclear structure and
binding energies. One of the earliest and
most influential approaches is the Liquid
Drop Model (LDM), originally proposed by
George Gamow[1] in 1929, in which the nu-
cleus is treated as an incompressible drop
of nuclear fluid composed of protons and
neutrons. This model successfully cap-
tures the collective behavior of nucleons
and explains macroscopic nuclear proper-
ties such as binding energy, stability, and
fission. Gamow also provided a quantum-
mechanical explanation of alpha decay, fur-
ther strengthening the physical foundation
of the liquid drop analogy. Building upon
the liquid drop picture, the Semi-Empirical
Mass Formula (SEMF), also known as the
Weizsäcker formula,[2] provides an approx-
imate expression for nuclear binding energy
by incorporating five key contributions: vol-
ume, surface, Coulomb, asymmetry, and
pairing energies. These terms account for
both theoretical considerations and empiri-
cal observations, allowing the SEMF to re-
produce general trends in nuclear masses
across the chart of nuclides. The formula
represents a mathematical realization of the
liquid drop concept, where the total binding
energy emerges from the collective contribu-

tion of these energy terms, each weighted by
a corresponding coefficient.

Traditionally, the coefficients of the
SEMF and the Liquid Drop Model are de-
termined by fitting experimental nuclear
mass data using least-squares minimiza-
tion (LSM)[3] techniques. While regression-
based approaches are computationally effi-
cient and widely used, they suffer from cer-
tain limitations. In least-squares fitting, data
points with large deviations can dispropor-
tionately influence the optimized parame-
ters, potentially biasing the resulting coef-
ficients. Furthermore, such methods rely
heavily on the quality and distribution of
the available mass data.

In recent years, stochastic optimization
techniques such as Variational Monte Carlo
(VMC)[3] have been investigated as alter-
native methods for determining the coeffi-
cients of the Semi-Empirical Mass Formula
(SEMF). While VMC provides greater flex-
ibility and avoids strict analytical assump-
tions, its performance strongly depends on
the choice of initial parameter values. The
optimization process is sensitive to the ini-
tial guess of the coefficients, which can lead
to convergence toward different local min-
ima and result in variability across inde-
pendent runs. These limitations highlight
the need for a more robust and stable opti-
mization framework that can reduce depen-
dence on initial conditions and improve re-
producibility.

In this work, we determine the co-
efficients of the Semi-Empirical Mass For-

ICTRIBT 2026/Special Issue/6 2 www.physedu.in



PINNs Approach

mula using Physics-Informed Neural Net-
works (PINNs), treating the PINN frame-
work as an optimization technique. By em-
bedding the underlying physical structure
of the SEMF directly into the neural net-
work loss function, the PINN approach en-
ables efficient and stable parameter estima-
tion while maintaining consistency with nu-
clear physics constraints[4].

2 Methodology

From the LDM,the theoretical binding en-
ergy of a nucleus with mass number Ai

and proton number Zi is described using
the Semi-Empirical Mass Formula SEMF[3].
The binding energy is expressed as the sum
of different energy contributions,

Bth
i (Ai, Zi) = av Ai → as A2/3

i → ac
Zi(Zi → 1)

A1/3
i

→ aa
(Ai → 2Zi)2

Ai
+ δi ap A→1/2

i ,

(1)
where ,

• av : volume energy coefficient,

• as : surface energy coefficient,

• ac : Coulomb energy coefficient,

• aa : asymmetry energy coefficient,

• ap : pairing energy coefficient.

The pairing factor δi accounts for odd–
even effects and is defined according to
the parity of the proton and neutron
numbers[3].

Within the Physics-Informed Neural
Network (PINNs) framework, the SEMF co-
efficients are treated as trainable parame-
ters and collected into a single parameter
vector[5],

a =
[

av as ac aa ap

]T
. (2)

Here T in superscript is an trainable coef-
ficient vector,each component of a retains
a clear physical interpretation and corre-
sponds to a specific contribution to the nu-
clear binding energy.

2.1 PINN Architecture for SEMF

Parameter Estimation

Unlike conventional applications of PINNs,
which are typically used to solve partial dif-
ferential equations [6], in this work we em-
ploy the PINNs framework for parameter
estimation of the SEMF. The framework for
parameter estimation is illustrated in Fig. 1.
The network input consists of experimen-
tally measured nuclear properties[7],namely
the mass number Ai and proton number Zi,
which are taken from the AME 2020 atomic
mass evaluation [8]. The network does not
learn the binding energy directly. Instead,
the SEMF coefficients a are optimized dur-
ing training.

During the forward pass, the analyti-
cal SEMF expression is evaluated using the
current set of coefficients to compute the
predicted binding energy BSEMF

i . This ap-
proach ensures that the physical structure of
the SEMF is explicitly preserved throughout
the learning process.
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Figure 1: Flowchart for obtaining coefficints
of SEMF using PINNs

In the Physics-Informed Neural Net-
work (PINNs) framework adopted in this
work.The estimation of the Semi-Empirical
Mass Formula (SEMF) coefficients is carried
out using a parallel-network architecture.
Instead of employing a single neural net-
work to infer all coefficients simultaneously,
independent neural networks are assigned
to each SEMF coefficient. This design choice
preserves the physical interpretability of the
parameters and avoids strong coupling be-
tween unrelated energy terms.

The SEMF coefficient vector is defined
as

a =
[

av as ac aa ap

]T
, (3)

where each coefficient corresponds to a dis-
tinct physical contribution to the nuclear
binding energy.

Within the PINN architecture, five par-
allel feedforward neural networks are em-
ployed:

av = Nv(Ai, Zi), (4)

as = Ns(Ai, Zi), (5)

ac = Nc(Ai, Zi), (6)

aa = Na(Ai, Zi), (7)

ap = Np(Ai, Zi), (8)

where Nv, Ns, Nc, Na, and Np denote five
independent neural networks with identical
architectures but separate trainable parame-
ters.

Each network receives the same phys-
ical inputs, namely the mass number Ai

and proton number Zi, and outputs a sin-
gle scalar corresponding to one SEMF co-
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efficient. The outputs of these parallel net-
works are then embedded directly into the
analytical SEMF expression to compute the
predicted binding energy:

BSEMF
i = Nv Ai →Ns A2/3

i →Nc
Zi(Zi → 1)

A1/3
i

→Na
(Ai → 2Zi)2

Ai
+ δiNp A→1/2

i .

(9)
The parallel-network structure ensures

that each SEMF coefficient is optimized in-
dependently while remaining constrained
by the governing physical model. Dur-
ing training, a single physics-informed loss
function is minimized, and gradient-based
optimization[9] updates the parameters of
all five networks simultaneously.

2.2 Working Principle of the

Physics-Informed Neural Network

The PINNs operates through a physics-
guided optimization strategy. For each nu-
cleus characterized by (Ai, Zi), the SEMF-
based binding energy is computed using the
current parameter vector a. The difference
between the predicted and experimentally
measured binding energies is then quanti-
fied using a physics-informed loss function.

Unlike conventional neural networks
that employ hidden layers to learn implicit
representations, the present architecture
performs optimization directly on physi-
cally meaningful parameters. Gradient-
based optimization algorithms such as
adam optimizer[10] are employed to iter-
atively update the SEMF coefficients until

convergence is achieved.
This formulation ensures that the

learned parameters remain consistent with
nuclear-physics principles and avoids the
emergence of unphysical solutions. The loss
function is constructed by comparing the
SEMF-based predictions with experimental
binding energy data. A c2 - square loss is
defined as

L =
1
N

N

∑
i=1

(
BSEMF

i → Bexp
i

)2

Bexp
i

, (10)

where N denotes the total number of nu-
clei in the training data set, and Bexp

i repre-
sents the experimentally measured binding
energy.

In analogy with the residual loss used
in PDE-based PINNs, this loss function
enforces consistency between the physi-
cal model and experimental observations.
The present framework therefore addresses
an inverse problem in which the physics-
informed constraint is algebraic rather than
differential.

Within the PINNs framework, the op-
timization of the Semi-Empirical Mass For-
mula (SEMF) coefficients is carried out using
backpropagation[11]. Unlike conventional
neural networks, backpropagation does not
propagate errors through an arbitrary map-
ping between inputs and outputs. Instead,
the gradients are propagated through the
analytical SEMF expression itself.

During training, the gradients of the
loss function with respect to each SEMF co-
efficient are computed using backpropaga-
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tion,

∂L
∂a

=

(
∂L
∂av

,
∂L
∂as

,
∂L
∂ac

,
∂L
∂aa

,
∂L
∂ap

)
. (11)

These gradients propagate through the
SEMF analytical structure, ensuring that
updates to the coefficients are consis-
tent with the underlying nuclear-physics
model. Gradient-based optimization algo-
rithms, such as stochastic gradient descent
or adaptive optimizers, use these gradients
to update the parameters iteratively[5],

a(k+1) = a(k) → ε
∂L
∂a

, (12)

where ε denotes the learning rate and k rep-
resents the iteration index.

By embedding backpropagation di-
rectly within the SEMF formulation, the
PINN ensures that learning is guided simul-
taneously by experimental data and estab-
lished nuclear-physics constraints. As a re-
sult, the optimized coefficients remain phys-
ically interpretable while achieving optimal
agreement with experimental binding ener-
gies.

3 Results and Discussion

The Physics-Informed Neural Network
(PINNs) framework successfully converged
to a stable and well-defined set of coeffi-
cients for the Semi-Empirical Mass Formula
(SEMF). The optimized coefficients were
found to be physically reasonable and
consistent with the expected orders of mag-
nitude reported in the literature. Moreover,

the robustness of these coefficients across
multiple independent training runs demon-
strates that the incorporation of physical
constraints within the loss function[9] effec-
tively regularizes the learning process and
mitigates overfitting.

To quantitatively access the accuracy of
the obtained coefficients, the deviation be-
tween theoretical and experimental nuclear
binding energies was evaluated using the
c-square minimization criteria. This met-
ric penalizes large discrepancies between
predicted and observed values while pre-
serving the original physical units (MeV),
thereby providing a meaningful measure of
model performance.

The c2-square error is defined as

c2 =
1
n

n

∑
i=1

(
BT

i → BE
i
)2

BE
i

, (13)

where BT
i and BE

i represent the theoreti-
cal and experimental binding energies of
the i-th nucleus, respectively, and n denotes
the total number of nuclei included in the
dataset.

The optimized SEMF coefficients are re-
covered after embedding the physical con-
straints into the PINN architecture are given
by

av = 15.072MeV,

as = 16.597MeV,

ac = 0.690MeV,

aa = 20.907MeV,

ap = 12.605MeV.

(14)

The comparison between experimen-
tal nuclear binding energies and those pre-
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(a) (b)

Figure 2: (a) Comparison of experimental nuclear binding energies with those predicted by
the Semi-Empirical Mass Formula using PINN-optimized coefficients. (b) Comparison of ex-
perimental nuclear binding energies per nucleon with those predicted by the Semi-Empirical
Mass Formula using PINN-optimized coefficients, both as a function of mass number A.

dicted by the Semi-Empirical Mass Formula
(SEMF) using PINN-optimized coefficients
is shown in Fig. 2b. Similarly, Fig. 2b
presents the comparison of experimental
binding energy per nucleon with the val-
ues predicted by the SEMF, both plotted as
a function of mass number A. The PINNs
predictions closely follow the experimental
trends across a wide range of mass num-
bers A, indicating that this framework effec-
tively captures the dominant physical con-
tributions governing nuclear binding.

Since the SEMF is explicitly embed-
ded within the model architecture, the
learned parameters retain clear physical in-
terpretations, in contrast to purely data-
driven neural network approaches where
model parameters often lack physical mean-
ing. By combining experimental data with
established nuclear-physics principles, the
PINNs approach yields improved numerical
stability, enhanced predictive capability, and

greater physical consistency, highlighting its
effectiveness for inverse problems in nuclear
physics[9].

4 Conclusion

In this work, the PINNs methodology was
applied to the Semi-Empirical Mass For-
mula to estimate its phenomenological co-
efficients while preserving the analytical
structure and physical foundations of the
model. By treating the SEMF coefficients
as trainable parameters constrained by the
functional form of the mass formula, the
PINNs approach ensures that the learned
parameters remain physically interpretable
and consistent with nuclear theory.During
the forward pass, the analytical SEMF ex-
pression was evaluated to compute the pre-
dicted binding energy, ensuring that the
physical form of the model was main-
tained throughout the learning process. The
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backward pass propagated loss gradients
through the SEMF formulation itself, al-
lowing gradient-based optimization to up-
date the coefficients in a manner consistent
with nuclear-physics constraints[5].The use
of parallel neural networks for individual
SEMF coefficients enabled independent op-
timization of each energy term while re-
taining clear physical interpret-ability. The
physics-informed loss function, based on
chi-square minimization, ensured consis-
tency between theoretical predictions and
experimental observations.The advantage
of using PINNS to obatin the SEMF coef-
ficients is that the physical laws of SEMF
embedded directly into the optimization
process resulting in stable parameter esti-
mates with reduced senstivity to initial con-
ditions compared to purely regression based
methods(LSM)[3].
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Abstract

Background: The nuclear shell model

provides a fundamental framework for under-

standing nuclear structure and magic numbers

by describing nucleons moving in an average

mean-field potential. Conventional grid-based

solutions of the radial time-independent

Schrödinger equation often require careful

discretization and parameter tuning. Physics-

Informed Neural Networks (PINNs) o!er an

alternative by embedding physical laws directly

into the learning process.

Purpose: The aim of this work is to compute

single-particle neutron and proton energy levels

of the doubly magic nucleus 40Ca by solving

the radial time-independent Schrödinger

equation using PINNs and to compare the

results with experimental data.

Methods: The e!ective potential includes

the Woods-Saxon central term, centrifugal

barrier, spin-orbit interaction, and Coulomb

potential for protons. Separate PINNs are

trained for the 1s, 1p, and 1d orbitals, with

the energy eigenvalue treated as a trainable

parameter. The loss function incorporates the

Schrödinger equation residual, wavefunction

normalization, and weak experimental guid-

ance, and the network is optimized using the

Adam optimizer.

Results: The PINNs framework accurately

reproduces bound-state energy levels of

neutrons and protons in 40Ca. Neutron

energies for the 1s, 1p, and 1d shells show

close agreement with experimental values,

with deviations below 0.3 MeV. The model

ICTRIBT 2026/Special Issue/7 1 www.physedu.in
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correctly captures spin-orbit splitting, with

j = ω + 1/2 states more deeply bound than

their j = ω → 1/2 counterparts. Proton

energies exhibit systematic upward shifts due

to Coulomb repulsion, with deviations of

about 0.5–1.3 MeV for higher orbitals.

Conclusions: These results demonstrate

that PINNs provide a robust and mesh-free

framework for solving nuclear shell-model

problems, o!ering a reliable alternative to

traditional numerical methods for nuclear

structure calculations.

1 Introduction

The nuclear shell model provides a funda-
mental framework for understanding nu-
clear structure and the emergence of magic
numbers by describing nucleons as inde-
pendent particles moving within an aver-
age mean-field potential.[3]For a doubly
magic nucleus such as 40Ca, this struc-
ture is characterized by the completion
of specific energy shells, which necessi-
tates precise calculation of single-particle
energy levels.[1] Traditionally, determin-
ing these levels requires solving the ra-
dial time-independent Schrödinger equa-
tion using grid-based numerical methods
( like CCD , Matrix Method)that often
demand intensive parameter tuning and

complex mesh construction to satisfy var-
ious physical constraints. However, the
advent of Physics-Informed Neural Net-
works (PINNs) offers a transformative al-
ternative by embedding these physical
laws directly into the machine learning ar-
chitecture. By utilizing a PINNs frame-
work, the Schrödinger residual is inte-
grated into a multi-component loss func-
tion alongside wavefunction normaliza-
tion and orthogonality constraints. For
this we have taken the effective poten-
tial which consist of Woods-Saxon poten-
tial,centrifugal, spin-orbit, and Coulomb
terms—to accurately predict neutron and
proton energy levels for the 1s, 1p, and
1d states.In conclusion, the PINNs-based
framework provides a flexible approach
for nuclear structure calculations. By
resolving the radial Schrödinger equa-
tion through a physics-informed loss func-
tion, the model achieves close agreement
with experimental benchmarks while op-
erating independently of traditional grid-
dependent numerical solvers.

2 Methodology

The computational framework developed
in this study utilizes a Physics-Informed
Neural Network (PINNs) to determine the
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single-particle energy eigenvalues and cor-
responding eigenfunctions of the 40Ca nu-
cleus. Unlike traditional grid-based nu-
merical methods, this approach embeds
the governing physical laws directly into
the neural network’s optimization process
through the loss function.

The core objective is to solve the ra-
dial Time-Independent Schrödinger Equa-
tion (TISE) for a nucleon within a mean-
field potential:

→ h̄
2

2µ

d
2
u

dr2 + [Veff(r)→ E] u(r) = 0 (1)

where u(r) represents the radial wavefunc-
tion, E is the energy eigenvalue to be de-
termined, and µ is the reduced mass of the
nucleon.

The effective potential Veff(r) is con-
structed as a superposition of four distinct
physical components:

• Woods-Saxon Central Potential

(VWS): Models the short-range nuclear
force by defining a mean-field poten-
tial with a constant interior depth V0

that smoothly decays to zero at the
nuclear surface R according to the
diffuseness parameter a.[5]

VWS(r) =
V0

1 + exp
(

r→R

a

) (2)

• Spin-Orbit Coupling (VSO): Accounts
for the L · S force that causes the split-
ting of (n, ω) shells into j = ω ± 1/2
sub-shells, a key mechanism required
to reproduce the experimentally ob-
served magic numbers.[5]

VSO(r) = Vso

(
h̄

mπc

)2 1
r

d

dr

[
1

1+exp( r→R

a )

]
(L · S)

(3)

• Centrifugal Barrier (VCF): Represents
the l-dependent repulsive term in the
radial Schrödinger equation that ac-
counts for the kinetic energy of orbital
motion and regulates the nucleon’s
proximity to the nuclear core.[5]

VCF(r) =
h̄

2

2µ

l(l + 1)
r2 (4)

• Coulomb Potential (VC): Accounts for
the long-range electrostatic repulsion
experienced by protons, modeled by
treating the nucleus as a sphere of uni-
form charge density.[5]

VC(r) =






(Z→1)e2

r
, r ↑ R

(Z→1)e2

2R

(
3 → r

2

R2

)
, r < R

(5)

PINNs Architecture

The radial wavefunction u(r) is approxi-
mated by a deep feed-forward neural net-
work consisting of two hidden layers with
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64 neurons each. We employ the Tanh acti-
vation function to ensure the higher-order
differentiability required for computing
second-order derivatives. Uniquely, the
energy E is treated as a trainable parameter
(nn.Parameter),[2] allowing the network
to converge toward the physical eigen-
value simultaneously with the wavefunc-
tion. The overall workflow of the pro-
posed framework used to solve the radial
Schrödinger equation is illustrated in Fig.
1.

The network is trained by minimizing
a composite loss function Ltotal, which en-
forces adherence to the governing physical
equations and relevant constraints,

Ltotal = Lphysics + λ1Lexp + λ2Lnorm. (6)

The individual components of the loss
function are defined as follows:

1. Physics Loss (Lphysics): The mean
squared residual of the radial time-
independent Schrödinger equation
evaluated at collocation points within
the domain. First- and second-order
spatial derivatives of the wavefunc-
tion are computed using automatic
differentiation, ensuring consistency
with the neural network representa-
tion [4].

Figure 1: Schematic flowchart of the
Physics-Informed Neural Network
(PINNs) architecture for solving the
radial Schrödinger equation. The model
combines a feed-forward neural network
with embedded physical constraints
through the effective nuclear potential,
enabling simultaneous learning of the
wavefunction u(r) and the eigen energy E.

2. Experimental Guidance Loss (Lexp):

A soft constraint that biases the
trainable energy parameter E to-
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ward known experimental values,
thereby improving convergence be-
havior while preserving the physics-
driven nature of the solution.

3. Normalization Loss (Lnorm): Enforces
the normalization condition of the
radial wavefunction,

∫
|u(r)|2 dr =

1, preventing convergence to trivial
solutions and ensuring a physically
meaningful probability interpretation
[4].

The weighting coefficients λ1 and λ2 reg-
ulate the relative contributions of the aux-
iliary loss terms during optimization and
are selected to balance physical fidelity and
numerical stability. These coefficients act
as hyperparameters of the training process
and do not alter the underlying physical
model. The network parameters, including
weights, biases, and the energy eigenvalue
E, are optimized using the Adam (Adap-
tive Moment Estimation) optimizer. Train-
ing is performed over the radial domain
r ↓ [0.01, 12.0] fm for approximately 6000
epochs. During this iterative process, the
network simultaneously refines the wave-
function representation and tunes the en-
ergy parameter to obtain stable bound-
state solutions for the 1s, 1p, and 1d or-
bitals.

3 Results and Discussion

The radial time-independent Schrödinger
equation (TISE) was solved for the 1s,
1p, and 1d single-particle states of neu-
trons and protons using Physics-Informed
Neural Networks (PINNs). The resulting
bound-state energy eigenvalues are sum-
marized in Table 1, alongside the cor-
responding experimental values reported
in Ref. [5]. The comparison provides
a quantitative assessment of the capabil-
ity of PINNs to reproduce key features
of nuclear single-particle spectra within a
Woods-Saxon mean-field framework.

Table 1: Comparison between energies ob-
tained using PINNs and the corresponding
experimental values [5]
Particle State j EPINNs (MeV) Eexp (MeV) [5]

Neutron 1s 1/2 →14.700 →14.668
Neutron 1p 3/2 →9.982 →10.068
Neutron 1p 1/2 →9.690 →10.068
Neutron 1d 5/2 →7.080 →7.368
Neutron 1d 3/2 →7.228 →7.368

Proton 1s 1/2 →10.504 →10.500
Proton 1p 3/2 →5.643 →6.200
Proton 1p 1/2 →5.539 →6.200
Proton 1d 5/2 →3.638 →3.800
Proton 1d 3/2 →2.499 →3.800

The ground-state 1s1/2 energies ex-
hibit excellent agreement with experimen-
tal data for both neutrons and protons,
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with deviations well below one percent.
This result indicates that the PINN for-
mulation is highly effective in capturing
the dominant characteristics of the central
Woods–Saxon potential and correctly iden-
tifying the lowest-energy bound solutions
of the TISE. By embedding the governing
differential equation directly into the loss
function, the neural network converges to
physically meaningful eigenvalues with-
out reliance on spatial discretization or ba-
sis expansions.

Beyond the ground state, the PINN
approach successfully reproduces the
spin–orbit splitting observed in the 1p

and 1d shells. In both neutron and proton
spectra, states with total angular momen-
tum j = l + 1/2 are consistently more
deeply bound than their j = l → 1/2
counterparts. For example, the neutron
1p3/2 state is predicted at a lower energy
than the 1p1/2 state, in agreement with
established nuclear shell-model behavior.
This demonstrates that the spin–orbit
interaction term is properly incorporated
and that automatic differentiation within
the PINN framework accurately resolves
the radial derivatives required to model
this coupling.

A systematic energy shift is observed
between neutron and proton states due to

the inclusion of the Coulomb interaction
for protons. While the central nuclear po-
tential parameters are identical for both
particles, proton energy levels are shifted
toward higher energies as a result of elec-
trostatic repulsion. For the 1s1/2 state, this
Coulomb shift amounts to approximately
4.2 MeV, consistent with physical expecta-
tions. The stable convergence of the proton
solutions indicates that the PINN method-
ology remains robust even in the presence
of the additional Coulomb barrier, which
introduces further nonlinearity into the po-
tential.

For higher orbital states, particularly
the 1d levels, the predicted eigenvalues fol-
low the correct physical ordering and lie
within the expected energy range, though
with moderately larger deviations from ex-
perimental values. This behavior is com-
monly encountered in neural-network-
based eigenvalue solvers, as excited-state
wavefunctions possess additional nodes
and more intricate spatial structures. Sat-
isfying the Schrödinger residual across the
entire radial domain therefore becomes in-
creasingly challenging. Nevertheless, the
agreement achieved for these states re-
mains sufficient for qualitative and semi-
quantitative nuclear structure analysis.

Overall, the results demonstrate that
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Physics-Informed Neural Networks pro-
vide a reliable and physically consistent
framework for solving the radial TISE in
nuclear systems. The method captures es-
sential features such as ground-state bind-
ing, spin–orbit splitting, and Coulomb ef-
fects, highlighting its potential as an al-
ternative computational tool for nuclear
mean-field calculations.

4 Conclusion

In this work, Physics-Informed Neu-
ral Networks (PINNs) were employed
to solve the radial time-independent
Schrödinger equation for neutron and
proton single-particle states in the 40Ca
nucleus within a Woods–Saxon mean-field
potential. By incorporating the gov-
erning quantum mechanical equations
directly into the loss function, the PINN
framework enables the determination of
bound-state energy eigenvalues without
reliance on spatial grids or predefined
basis functions. The obtained results
demonstrate that PINNs are capable of
reproducing essential features of nuclear
shell structure, including ground-state
binding energies, spin–orbit splitting in
the p and d shells, and Coulomb-induced
energy shifts between neutron and proton

states. The agreement with experimental
energy levels confirms that the method
provides physically consistent solutions
across both low-lying and excited single-
particle states. These findings indicate that
PINNs offer a flexible and robust alter-
native to conventional numerical solvers
used in nuclear structure calculations.
Their mesh-free formulation and direct
enforcement of physical constraints make
them particularly attractive for problems
involving complex potentials or extended
parameter spaces. As a result, PINNs hold
significant promise for future applica-
tions in nuclear mean-field modeling and
related quantum many-body systems.
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Abstract

The hydrogen atom is a standard benchmark

for testing and validating numerical techniques

in quantum mechanics. Although high-precision

studies in the literature include small quantum

electrodynamic corrections such as the Lamb

shift, the present work focuses on the numerical

solution of the radial Schrödinger equation with-

out incorporating these corrections.In this study,

an unsupervised learning framework is employed

to model radial wavefunctions at fixed energy

values. A neural network is trained to learn phys-

ically acceptable solutions that satisfy boundary

conditions and normalization behavior.

The obtained wavefunctions show strong agree-

ment with expected theoretical profiles, repro-

ducing correct nodal structures and asymptotic

decay.The results demonstrate that unsupervised

neural networks can serve as an e!ective numeri-

cal tool for approximating hydrogenic wavefunc-

tions with good accuracy and precision. This ap-

proach provides a flexible foundation for future

extensions toward more complex atomic systems

and higher-order corrections.

1 Introduction

The hydrogen atom has long been a cen-
tral model in quantum mechanics because it
provides a clear and reliable framework for
understanding atomic behavior. Since its ex-
act analytical solution is known, it is often
used to test the accuracy of numerical and
computational methods.[1, 2] Studying the
hydrogen atom also helps in analyzing sub-
tle physical effects such as fine-structure cor-
rections and the Lamb shift, which require
highly precise calculations. For this reason,
it remains an important system in modern
computational physics.[3]

In earlier studies, researchers mainly
relied on traditional numerical techniques
to solve the radial Schrödinger equation.
Methods such as finite-difference schemes
and matrix approaches have been widely
used[1] Among them, matrix methods with
sine basis functions are popular because
they provide stable eigenvalues and reason-
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able wavefunctions. However, these meth-
ods depend on grid size and basis choice,
which can sometimes reduce flexibility and
accuracy, especially for excited states.[3]

More recently, Physics-Informed Neu-
ral Networks (PINNs) have emerged as a
powerful approach for solving differential
equations in quantum mechanics. By em-
bedding physical laws and boundary condi-
tions directly into the loss function, PINNs
encourage solutions that remain smooth,
stable, and physically consistent across
the domain.[4, 5, 6] This physics-guided
paradigm has gained considerable atten-
tion for integrating prior scientific knowl-
edge into neural network training and for
generating solutions that respect governing
equations.[1, 7, 8]

Alongside these developments, an un-
upervised learning strategy is employed for
the numerical simulation of the hydrogen
atom.[9, 7] Rather than depending solely
on physics-based constraints during opti-
mization, the neural network is trained us-
ing Physics equations embedded in loss
function.[10, 11, ?] This data-guided formu-
lation enables stable learning of radial so-
lutions and captures the essential structure
of hydrogenic states.[12, 13] The predicted
wavefunctions agree well with theoretical
expectations, exhibiting correct nodal pat-
terns and physically meaningful asymptotic
decay. [1]Such an unsupervised framework
improves accuracy, maintains physical con-
sistency, and reduces numerical errors.[14,
15] This makes it a useful and efficient

method for studying quantum eigenvalue
problems like the hydrogen atom.[?, 16, 7]

2 Modeling of the Physical

System

In this section, we elaborate the four stages
of the modeling theory as suggested by
Hestenes,15 viz., Description, Formulation,
Ramification, and Validation, to clearly de-
lineate various aspects of the model.[3]

2.1 Description Stage

This stage comprises three components:

2.1.1 Object Description

1. Object Type: Hydrogen atom , the sim-
plest constitutent of matter .

2. Object Composition: An electron and a
proton.

3. Object Variables: The electron has a
mass me = 0.5109→ 106 eV/c

2. The pro-
ton mass is approximately 1837 times
larger than the electron mass, with
mp = 938.272 → 106 eV/c

2. Both parti-
cles carry electric charges of equal mag-
nitude, one elementary charge, but with
opposite signs.

2.1.2 Interaction Description

1. Type of Interaction: Electromagnetic
interaction between the proton and
electron [3, 10].
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2. Agents of Interaction:

(i) Proton as Coulomb (Attractive)
source

(ii) Range of interaction ; typically ex-
tends infinitely long [3]

Interaction Variables: The behaviour
of the hydrogen atom depends on
a few fundamental quantities. The
electron–proton distance r determines
how the interaction varies in space.
The Coulomb factor e

2/(4πε0) sets the
strength of the electric attraction be-
tween the two particles.

2.1.3 Process Description

(a) Reference System:

The hydrogen atom can be rigorously
reduced to an effective single- parti-
cle problem by introducing the reduced
mass of the electron-proton system:

µ =
mpme

mp + me

↑ me, (1)

where the approximation arises from
mp ↓ me. The electron can thus be
treated as a particle moving relative to
the center-of-mass of the system.

As the inter-particle interaction de-
pends solely on the radial separation,
the system possesses central symmetry.
Consequently, spherical polar coordi-

nates (SPC) constitute the most appro-
priate reference frame for its analysis.[9,
3]

(b) State Variables:

The wavefunction ε(r, t) completely
specifies the quantum state of the
system, with all physical observables
derivable from it through appropriate
operators.

2.2 Formulation Stage

At this stage, we first discuss the dynamical
laws that govern the motion of the proton
and then specify the interaction laws in their
mathematical form. The initial and bound-
ary conditions, if any, are then specified to
complete the formulation of the mathemati-
cal model representing the physical system.

2.2.1 Interaction Laws

The hydrogen atom is governed primarily
by the Coulomb attraction between the elec-
tron and the proton, which provides the
central potential responsible for binding the

system, expressed as V(r) = ↔ e
2

4πε0r
. Be-

yond this dominant interaction, additional
effects arise from relativistic and quantum
electrodynamical contributions. [17].

2.2.2 Dynamical Laws

The time-dependent Schrödinger equation
(TDSE)

ih̄
ϱΨ(r, t)

ϱt
= ↔ h̄

2

2µ
↗2Ψ(r, t) + V(r)Ψ(r, t)

(2)
is transformed into the time-independent
Schrödinger equation (TISE) using the
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method of separation of variables technique
,

Ψ(r, t) = ε(r) T(t)

, one obtains

↔ h̄
2

2µ
↗2ε(r) + V(r)ε(r) = E ε(r). (3)

The non-relativistic radial Schrödinger
equation is:

[
↔ h̄

2

2µ

d
2

dr2 +
l(l + 1)h̄2

2µr2 ↔ e
2

4πε0r

]
unl(r)

= Enlunl(r).

(4)

2.2.3 Boundary Conditions

For a physically acceptable solution of the
hydrogen atom, the radial wavefunction
must satisfy well-defined boundary condi-
tions. The wavefunction and its deriva-
tive are required to exist and remain con-
tinuous for all values of r, ensuring a finite
and physically meaningful solution. Dirich-
let boundary conditions are imposed such
that unl(0) = 0 and unl(L) = 0, which re-
flect the regular behaviour at the origin and
the decay of the wavefunction at large dis-
tances. Additionally, the wavefunction must
be normalisable so that the total probability
of finding the electron in space remains fi-
nite.

2.3 Ramification Stage

An unsupervised-learning-based Physics-

Informed Neural Network (PINN) is em-

ployed to numerically obtain hydrogenic ra-
dial wavefunctions at fixed energies while
satisfying physical boundary conditions.

2.3.1 PINNs with Boundary,

Normalization, and Orthogonality

Constraints

A Physics-Informed Neural Network is
employed to obtain the solution. The net-
work takes the radial coordinate r as input
and outputs the corresponding wavefunc-
tion ε(r).

The total loss function of the PINN is
defined as:

Ltotal = Lphysics +LBC +Lnorm +Lorth, (5)

where:

(i) Physics loss (Lphysics): Ensures the
Schrödinger equation with is satisfied:

Lphysics =
1

Nr

Nr

∑
i=1

∣∣Ĥε(ri)↔ Eε(ri)
∣∣2

(6)

(ii) Boundary condition loss (LBC): En-
forces ε(0) = 0 and ε(L) = 0.

(iii) Normalization loss (Lnorm): Ensures
∫

L

0
|ε(r)|2 dr = 1 (7)

(iv) Orthogonality loss (Lorth): Ensures or-
thogonality of different eigenstates:

∫
L

0
εm(r)εn(r) dr = 0 (m ↘= n) (8)
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2.3.2 Optimization Workflow

The overall workflow for the ramification
stage is as follows:

Start

Energy Network

Input: r

2 hidden layers (128 neurons)
Activation: Tanh

Output: Eigenvalue

Wavefunction Network

Inputs: r, E

4 hidden layers (128 neurons)
Activation: Tanh

Output: Eigenfunction

PINN Training

Minimize supervised loss
(Data + BC + Norm)

Update Network Parameter

weights and biases

Convergence Check

Stop when energies and wavefunctions converge

Stop

Yes

No

Figure 1: Optimization workflow.

2.4 Validation Stage

(i) Comparison can be made between the-
oretical and numerically Obtained en-
ergy eigenvalues and eigen functions
from our simulation .

(ii) Finally, the energy level sequence that

we obtain must also match with that
expected from experimental considera-
tions, so as to validate the deduced con-
figurations.

3 Numerical Simulation

3.1 Choice of Units

All simulations are performed in atomic
units (h̄ = me = e = 1), in which ener-
gies are measured in Hartree and lengths
in Bohr radii. In this unit system, the elec-
tron–proton interaction reduces to the stan-
dard Coulomb form

V(r) = ↔1
r

,

and the exact nonrelativistic ground-state
energy

E1s = ↔0.5 Ha

serves as a precise reference for evaluating
numerical convergence.[3]

For higher orbital angular momentum,
the effective potential is typically written as

Veff(r) = ↔1
r
+

l(l + 1)
2r2 , (9)

highlighting its explicit l-dependence
through the centrifugal term [3].

In the literature, Lamb-shift–related
QED corrections are commonly treated by
retaining the fine-structure constant α ex-
plicitly and extending the Hamiltonian with
terms such as vacuum-polarization, Dar-
win, and self-energy contributions to enable
stable evaluation of radiative level shifts.
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3.2 Region of Interest

The radial coordinate is confined to a finite
domain r ≃ [0, Rmax], where Rmax is chosen
sufficiently large to ensure that bound-state
wavefunctions decay to numerically negli-
gible values at the boundary. For Physics-
Informed Neural Network method , typical
choices such as Rmax = 20–45 Bohr sufficient
to produce hydrogenic energies upto atleast
n=2 with accuracy . For principal quantum
numbers n ⇐ 3, the radial cutoff is typically
chosen in the range Rmax = 80–100 Bohr.[3]

3.3 Choice of Numerical technique

Accurate modelling of the hydrogen atom
requires a method that remains stable near
the Coulomb singularity and reliable for ex-
cited states. Conventional approaches such
as finite-difference schemes and standalone
basis expansions often demand fine dis-
cretization and careful boundary treatment.
These requirements increase computational
cost and can introduce numerical errors[18].
To address these issues, Physics-Informed
Neural Networks (PINNs) using unsuper-
vised learning was adopted. PINNs incor-
porate the governing equation and bound-
ary conditions directly into the training
process, reducing dependence on dense
meshes[1]. This combination improves nu-
merical stability and overall accuracy. It
also produces smooth and physically con-
sistent wavefunctions. This approach bal-
ances efficiency with precision. As a result,
it serves as a practical alternative to tradi-

tional single-method techniques.

4 Results an Discussion

Figure 2: Effective Potential of Hydrogen
atom for l = 0 and l = 7
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