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Abstract

The hydrogen atom is a standard benchmark
for testing and validating numerical techniques
in quantum mechanics. Although high-precision
studies in the literature include small quantum
electrodynamic corrections such as the Lamb
shift, the present work focuses on the numerical
solution of the radial Schrodinger equation with-
out incorporating these corrections.In this study,
an unsupervised learning framework is employed
to model radial wavefunctions at fixed energy
values. A neural network is trained to learn phys-
ically acceptable solutions that satisfy boundary
conditions and normalization behavior.

The obtained wavefunctions show strong agree-
ment with expected theoretical profiles, repro-
ducing correct nodal structures and asymptotic
decay. The results demonstrate that unsupervised
neural networks can serve as an effective numeri-
cal tool for approximating hydrogenic wavefunc-
tions with good accuracy and precision. This ap-
proach provides a flexible foundation for future

extensions toward more complex atomic systems

and higher-order corrections.

1 Introduction

The hydrogen atom has long been a cen-
tral model in quantum mechanics because it
provides a clear and reliable framework for
understanding atomic behavior. Since its ex-
act analytical solution is known, it is often
used to test the accuracy of numerical and
computational methods.[1} 2] Studying the
hydrogen atom also helps in analyzing sub-
tle physical effects such as fine-structure cor-
rections and the Lamb shift, which require
highly precise calculations. For this reason,
it remains an important system in modern
computational physics.[3]

In earlier studies, researchers mainly
relied on traditional numerical techniques
to solve the radial Schrédinger equation.
Methods such as finite-difference schemes
and matrix approaches have been widely
used[1] Among them, matrix methods with
sine basis functions are popular because
they provide stable eigenvalues and reason-
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able wavefunctions. However, these meth-
ods depend on grid size and basis choice,
which can sometimes reduce flexibility and
accuracy, especially for excited states.[3]

More recently, Physics-Informed Neu-
ral Networks (PINNs) have emerged as a
powerful approach for solving differential
equations in quantum mechanics. By em-
bedding physical laws and boundary condi-
tions directly into the loss function, PINNs
encourage solutions that remain smooth,
stable, and physically consistent across
the domain.[4, 5, |6] This physics-guided
paradigm has gained considerable atten-
tion for integrating prior scientific knowl-
edge into neural network training and for
generating solutions that respect governing

equations.[1} 7, 8]

Alongside these developments, an un-
upervised learning strategy is employed for
the numerical simulation of the hydrogen
atom.[9, [7] Rather than depending solely
on physics-based constraints during opti-
mization, the neural network is trained us-
ing Physics equations embedded in loss
function.[10, [11, ?] This data-guided formu-
lation enables stable learning of radial so-
lutions and captures the essential structure
of hydrogenic states.[12} 13] The predicted
wavefunctions agree well with theoretical
expectations, exhibiting correct nodal pat-
terns and physically meaningful asymptotic
decay. [1]Such an unsupervised framework
improves accuracy, maintains physical con-
sistency, and reduces numerical errors.[14,
15] This makes it a useful and efficient

method for studying quantum eigenvalue
problems like the hydrogen atom.[?,(16) 7]

2 Modeling of the Physical
System

In this section, we elaborate the four stages
of the modeling theory as suggested by
Hestenes,15 viz., Description, Formulation,
Ramification, and Validation, to clearly de-
lineate various aspects of the model.[3]

2.1 Description Stage

This stage comprises three components:

2.1.1 Object Description

1. Object Type: Hydrogen atom , the sim-
plest constitutent of matter .

2. Object Composition: An electron and a
proton.

3. Object Variables: The electron has a
mass 11, = 0.5109 x 10°eV /2. The pro-
ton mass is approximately 1837 times
larger than the electron mass, with
m, = 938272 x 10°eV/c?. Both parti-
cles carry electric charges of equal mag-
nitude, one elementary charge, but with
opposite signs.

2.1.2 Interaction Description

1. Type of Interaction: Electromagnetic
interaction between the proton and

electron [3}10].
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2. Agents of Interaction:

(i) Proton as Coulomb (Attractive)
source

(ii) Range of interaction ; typically ex-
tends infinitely long [3]]

Interaction Variables: The behaviour
of the hydrogen atom depends on
The

electron—proton distance r determines

a few fundamental quantities.

how the interaction varies in space.
The Coulomb factor ¢?/(47ep) sets the
strength of the electric attraction be-
tween the two particles.

2.1.3 Process Description

(a) Reference System:

The hydrogen atom can be rigorously
reduced to an effective single- parti-
cle problem by introducing the reduced
mass of the electron-proton system:

R M, 1)

where the approximation arises from
rnp >> mg.
treated as a particle moving relative to

The electron can thus be

the center-of-mass of the system.

As the inter-particle interaction de-
pends solely on the radial separation,
the system possesses central symmetry.
Consequently, spherical polar coordi-
nates (SPC) constitute the most appro-
priate reference frame for its analysis.[9,

3]

(b) State Variables:

The wavefunction (r,t) completely
specifies the quantum state of the
system, with all physical observables
derivable from it through appropriate
operators.

2.2 Formulation Stage

At this stage, we first discuss the dynamical
laws that govern the motion of the proton
and then specify the interaction laws in their
mathematical form. The initial and bound-
ary conditions, if any, are then specified to
complete the formulation of the mathemati-
cal model representing the physical system.

2.2.1 Interaction Laws

The hydrogen atom is governed primarily
by the Coulomb attraction between the elec-
tron and the proton, which provides the
central potential responsible for binding the
2
4rtegr’
yond this dominant interaction, additional

system, expressed as V(r) = —

effects arise from relativistic and quantum
electrodynamical contributions. [17].

2.2.2 Dynamical Laws

The time-dependent Schrodinger equation
(TDSE)

2
ih% = —Z—HVZ‘Y(r,t) + V(r)¥(r,t)

(2)

is transformed into the time-independent

Schrédinger equation (TISE) using the
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method of separation of variables technique

7

, one obtains

2

h
—2—HV2lP(r) +V(O)p(r) = Ep(r). ()

The non-relativistic radial Schrodinger
equation is:
n? a2 1(1+1Dn* e
5, a2 5 T U (1)
udr 2ur 4megr (4)
= Enlunl(r)'

2.2.3 Boundary Conditions

For a physically acceptable solution of the
hydrogen atom, the radial wavefunction
must satisfy well-defined boundary condi-
tions. The wavefunction and its deriva-
tive are required to exist and remain con-
tinuous for all values of r, ensuring a finite
and physically meaningful solution. Dirich-
let boundary conditions are imposed such
that u,;(0) = 0 and u,;(L) = 0, which re-
flect the regular behaviour at the origin and
the decay of the wavefunction at large dis-
tances. Additionally, the wavefunction must
be normalisable so that the total probability
of finding the electron in space remains fi-
nite.

2.3 Ramification Stage

An unsupervised-learning-based Physics-
Informed Neural Network (PINN) is em-

ployed to numerically obtain hydrogenic ra-
dial wavefunctions at fixed energies while
satisfying physical boundary conditions.

2.3.1 PINNs with Boundary,
Normalization, and Orthogonality
Constraints

A Physics-Informed Neural Network is
employed to obtain the solution. The net-
work takes the radial coordinate r as input
and outputs the corresponding wavefunc-

tion i (r).
The total loss function of the PINN is
defined as:

Liotal = ‘Cphysics + Lpc + Lnorm + Lorth, (5)

where:

(i) Physics loss (Lynysics): Ensures the
y phy

Schrodinger equation with is satisfied:

1
Lonysics = 77 L | A(r) = Ep(r)|*
"i=1

(6)

(ii) Boundary condition loss (Lgc): En-
forces (0) = 0 and (L) = 0.

(iii) Normalization loss (L,orm): Ensures
L 2
| lpPar=1 )

(iv) Orthogonality loss (Lq): Ensures or-
thogonality of different eigenstates:

[ ou) gurrdr =0 (m£n) ®
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2.3.2 Optimization Workflow

The overall workflow for the ramification
stage is as follows:

Start

Energy Network
Input: r

2 hidden layers (128 neurons)
Activation: Tanh
Output: Eigenvalue

v

Wavefunction Network

Inputs: r, E
4 hidden layers (128 neurons)
Activation: Tanh
Output: Eigenfunction

~
PINN Training
Minimize supervised loss
(Data + BC + Norm)

v

‘ Update Network Parameter

weights and biases

W

Convergence Check
. . No
Stop when energies and wavefunctions converge

Yes
s

Stop

Figure 1: Optimization workflow.

2.4 Validation Stage

(i) Comparison can be made between the-
oretical and numerically Obtained en-
ergy eigenvalues and eigen functions
from our simulation .

(ii) Finally, the energy level sequence that

we obtain must also match with that
expected from experimental considera-
tions, so as to validate the deduced con-
figurations.

3 Numerical Simulation

3.1 Choice of Units

All simulations are performed in atomic
units (h = m, = e = 1), in which ener-
gies are measured in Hartree and lengths
in Bohr radii. In this unit system, the elec-
tron—proton interaction reduces to the stan-

dard Coulomb form

and the exact nonrelativistic ground-state
energy
Eis = —0.5Ha

serves as a precise reference for evaluating
numerical convergence.[3]

For higher orbital angular momentum,
the effective potential is typically written as

1 I(I+1)
Veit(r) = -7 T o2 )
highlighting its explicit [-dependence

through the centrifugal term [3]].
Lamb-shift-related
QED corrections are commonly treated by

In the literature,

retaining the fine-structure constant a ex-
plicitly and extending the Hamiltonian with
terms such as vacuum-polarization, Dar-
win, and self-energy contributions to enable
stable evaluation of radiative level shifts.
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3.2 Region of Interest

The radial coordinate is confined to a finite
domain r € [0, Rmax), where Ry is chosen
sufficiently large to ensure that bound-state
wavefunctions decay to numerically negli-
gible values at the boundary. For Physics-
Informed Neural Network method , typical
choices such as Rmax = 2045 Bohr sufficient
to produce hydrogenic energies upto atleast
n=2 with accuracy . For principal quantum
numbers n > 3, the radial cutoff is typically
chosen in the range Rmax = 80-100 Bohr.[3]

3.3 Choice of Numerical technique

Accurate modelling of the hydrogen atom
requires a method that remains stable near
the Coulomb singularity and reliable for ex-
cited states. Conventional approaches such
as finite-difference schemes and standalone
basis expansions often demand fine dis-
cretization and careful boundary treatment.
These requirements increase computational
cost and can introduce numerical errors[18].
To address these issues, Physics-Informed
Neural Networks (PINNs) using unsuper-
vised learning was adopted. PINNs incor-
porate the governing equation and bound-
ary conditions directly into the training
process, reducing dependence on dense
meshes[1]. This combination improves nu-
merical stability and overall accuracy. It
also produces smooth and physically con-
sistent wavefunctions. This approach bal-
ances efficiency with precision. As a result,
it serves as a practical alternative to tradi-

tional single-method techniques.

4 Results an Discussion
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Figure 2: Effective Potential of Hydrogen
atomfor/ =0and [/ =7

Acknowledgments

A. Awasthi acknowledges the financial
support provided by the DST, Govt. of
India, through Grant No. DST-INSPIRE
fellowship /2020 /IF200538.

References

[1] Henry Jin, Pavlos Protopapas, and
Marios Mattheakis. Physics-informed
neural networks for quantum eigen-
value problems. 2022.

ICTRIBT 2026/Special Issue/8

www.physedu.in



Physics Education

— Analytical
=== PINN

0 5 10 15 20 25 30 35 40

r (a.u.)

Figure 3: Comparison of analytical and

PINN-predicted radial wavefunctions for

the 1

s state (n = 1, ] = 0), achieving an ac-

curacy of 2.576 x 1074

(2]

(3]

(4]

David ]. Griffiths and Darrell FE
Schroeter.  Introduction to Quantum
Mechanics. Cambridge University

Press, 3rd edition, 2018.

O. S. K. S. Sastri.
tions in Quantum Physics Using Numer-

Computer Simula-

ical Techniques, Worksheets and Program-
ming. 2024. Book Series towards Imple-
mentation of NEP-2020.

Hubert Baty.
differential equations using physics-

Solving stiff ordinary

informed neural networks (pinns):
Simple recipes to improve training of
vanilla-pinns. 2023.

A. G. Baydin, B. A. Pearlmutter, A. A.
Radul, and J. M. Siskind. Automatic
differentiation in machine learning: A
survey. 2018.

Probability density |u(r)|?

4
w

0.4 1

b
w

o
N

o
-

o
°

o 5 10 15 20 25 30 35 40
Radial distance r

Figure 4: PINN-predicted Probability Den-

sity

[6]

[7]

8]

[9]

for the 1s state (n = 1,1 = 0).

Hubert Baty and Léo Baty. Solving
differential equations using physics-
informed deep learning: A hands-on
tutorial with benchmark tests. 2023.

Preprint, dated April 5, 2023.

S. Desai, M. Mattheakis, H. Joy, P. Pro-
One-shot
transfer learning of physics-informed
neural networks, 2021.

topapas, and S. Roberts.

Michael Magill, Faisal Qureshi, and
Hendrik W. de Haan. Neural networks
trained to solve differential equations
learn general representations. In Ad-
vances in Neural Information Processing
Systems (NeurIPS), 2018.

Salvatore Cuomo, Vito S. Di Cola, Fer-
dinando Giampaolo, Gianluigi Rozza,
Maziar Raissi, and Fabio Piccialli. Solv-
ing differential problems with physics-

informed neural networks: A review

ICTRI

BT 2026/Special Issue/8

www.physedu.in




Physics Education

[10]

[11]

[12]

[13]

[14]

of recent methods and advances in sci-
entific computing. Journal of Scientific
Computing, 92:88, 2022.

M. Raissi, P. Perdikaris, and G. E. Kar-
niadakis. Physics-informed neural net-
works. Journal of Computational Physics,
378:686-707, 2019.

Henry Jin, Marios Mattheakis, and Pav-
los Protopapas. Unsupervised neu-
ral networks for quantum eigenvalue

problems. 2020.

Marios Mattheakis, Pavlos Protopapas,
David Sondak, Matteo Di Giovanni,
and Efthimios Kaxiras. Physical sym-
metries embedded in neural networks,
2020.

Cedric Flamant, Pavlos Protopapas,
and David Sondak. Solving differen-
tial equations using neural network so-
lution bundles. 2020.

Isaac E. Lagaris, Aristidis Likas, and
Dimitrios 1. Fotiadis. Artificial neural

[15]

[16]

[17]

[18]

networks for solving ordinary and par-
tial differential equations. IEEE Trans-
actions on Neural Networks, 9(5):987-
1000, 1998.

Marios Mattheakis, David Sondak,
A. S. Dogra, and Pavlos Protopapas.
Hamiltonian neural networks for solv-
ing differential equations, 2020.

George E. Karniadakis, Ioannis G.

Kevrekidis, Lu Lu, Paris Perdikaris,
Sifan Wang, and Liu Yang. Physics-

informed machine learning. Nature Re-
views Physics, 3:422-440, 2021.

M. Lieber. Symmetry of the hydrogen
atom and the lamb shift. Physical Re-
view, 174(5):2037, 1968.

O.S. K. S. Sastri et al. Numerical solu-
tion of square well potential with ma-
trix method using worksheets. Physics
Education, 36:1-14, 2019.

ICTRIBT 2026/Special Issue/8

www.physedu.in



